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Introduction

Talk based on:


• Master thesis:   A Modern approach to String Amplitudes and Intersection Theory. 


             Supervisor: Prof. Pierpaolo Mastrolia (Unipd),  Prof. Co-Supervisor: Sergio Luigi Cacciatori (Uninsubria)


• PhD lectures:  Advanced Methods for Scattering Amplitudes

                      Prof. Sergio Luigi Cacciatori (Uninsubria),  Prof. Yoshiaki Goto (Kobe University ), Prof. Pierpaolo Mastrolia (Unipd),


 

The main task:       study of scattering amplitudes structure and new methods for their  

                              interpretation and evaluation by means of a modern mathematical 

                              theory:   Intersection Theory. 
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Scattering Amplitudes

Scattering amplitudes encode crucial information about particle collision, that, at the moment, 
represents the most efficient tool to investigate matter constituents and forces of Nature.

Scattering Amplitudes are complex numbers related to the transition probability from a given 
asymptotic incoming state configuration and a given outgoing one.

Lagrangian Feynman rules 

Particle scattering Feynman diagram  

Integral representation of the Amplitude

I = ∫C
(P)γ dz1 ∧ dz2 ∧ . . . ∧ dzN

zn1
1 zn2

2 . . . znN
N
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A multidisciplinary area 

Intersection theory 

QFT Amplitudes 

Condensed 
matter 

Cosmology

Correlation functions evaluation is necessary to 
interpret CMB fluctuations and obtain information 

about early universe.

Correlation functions give us information about phase 
transitions

Mathematics

Topology, Algebra, Differential Geometry,

 Number theory 

Data Science

Machine learning, Topological 
computing 

I = ∫C
(P)γ dz1 ∧ dz2 ∧ . . . ∧ dzN

zn1
1 zn2

2 . . . znN
N

[Mizera 2016/17]

[Mastrolia, Mizera 2018]
[Padova group 2019/22]

[Aomoto, Cho, Matsumoto,  Kita, Yoshida] 

String Amplitudes  
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The starting point: Stokes’ Theorem 

∫∂C
φ = ∫C

dφ

The closed surface  surrounding a charge  
is the boundary of a 3 dimensional 
Manifold.

The closed curve surrounding a wire  is 
actually a (1+1) dimensional surface 
around the charge, the boundary of a 
(2+1) dimensional Manifold 

X

Y
Fixed z

Q

Q

Ampere’s law

Gauss’ law

Stokes’  Theorem 

Y

Z

X

T

Fixed t
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From stokes’ theorem to De Rham Cohomology 

Let  be a k-form and  a (k+1)-simplex  φ ∈ Ωk Δk+1 ⊂ ℝk+1

∫∂Δk+1

φ = ∫Δk+1

dφ
∫Δk

φ = ∫Δk

φ + λ, dλ = 0

∫Δk

φ = ∫Δk+Δ̃k

φ, ∂Δ̃k = 0

∫C
φ = ⟨φ |C]

Equivalence classes of forms and contours.

λ is a closed form

Δ̃k is a closed contour
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Introduction

[Aomoto,Kita,Yoshida,Cho,Matsumoto…]

d(uΔφ) = duΔ ∧ φ + uΔ ∧ dφ = uΔ ( duΔ

uΔ
∧ φ + dφ)

= uΔ(dφ + ω ∧ φ) ≡ uΔ ∇ωφ

ω ≡ d log uΔ

I = ∫Δk

uφ
Multivalued function

∫Δk⊗u
uφ ≡ ∫Δk

uΔφ

∫∂Δk+1

uΔφ = ∫Δk+1

d(uΔφ)
Twisted Stokes’  Theorem 

∫Δk+1⊗u
u∇ωφ = ∫∂ωΔk+1

uΔφ
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Sequences 

(Gp, Δp) : 0
Δp+1→ Gp

Δp→ Gp−1
Δp−1→ . . .

Δ1→ G0
Δ0→ 0

Given a set  of algebraic objects (groups) defined on  and a set of morphisms ,  
we call a sequence on  the structure:

{Gp(X)} X {Δp : Gp → Gp−1}
X

If  are abelian groups on a topological space  the sequence is called Chain Complex and 

group homomorphisms are called Boundary Operators.

{Gp(X)} X

(Gp, Δp) : 0 Δp+1

← Gp Δp

← Gp−1 Δp−1

← . . . Δ1

← G0 Δ0

← 0

Similarly, the dual sequence is defined as
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Homology and Cohomology Groups 

Gp+1(X) Gp(X) Gp−1(X)

Ker(Δ)

Im(Δ)
Im(Δ)

They describe how images are included in kernels

If the image of one morphism equals the kernel of the next, the sequence is said to be exact  

Im[Δp] = Ker[Δp−1]

If the sequence is not exact is useful to define the groups:

Hp(X) =
Ker[Δp]
Im[Δp+1]

Hp(X) =
Ker[Δp]
Im[Δp−1]

The n-th homology group

The n-th Cohomology group
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Simplicial Homology: p-chains

A standard p-simplex is a planar p dimensional subset of ℝp+1

Order p-simplex (fixed vertices) Δp = ⟨012...p⟩

Δp = {
p

∑
i=0

αiei |∑ αi = 1,αi ≥ 0}

p-chain cp = ∑
i

aiΔi
p ∈ Cp
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Simplicial Homology: the boundary operator 

∂p =
p

∑
i=0

(−1)i∂i
p

Consider the face map: ∂i
p⟨012..i . . p⟩ = ⟨012.. ̂i . . p⟩

Example: ∂p⟨012⟩ = ⟨12⟩ − ⟨02⟩ + ⟨01⟩ = ⟨12⟩ + ⟨20⟩ + ⟨01⟩

Boundary Operator ∂p : Cp → Cp−1

A p-chain having no boundary is called p-cycle. 
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Simplicial (Co)Homology groups 

The chain complex of chain groups with the boundary operators define the sequence

0
∂p+1→ Cp

∂p→ Cp−1
∂p−1→ . . .

∂1→ C0
∂0→ 0

p-th simplicial homology group 

Hom[ − , K] : {
Hom[Cp, K] = Hom(Cn, K)
Hom[∂p, k] = δp : Hom(Cp−1, K) → Hom(Cp, K)

Defining

The dual sequence 0
δp+1← Hom(Cp, K)

δp← Hom(Cp−1, k)
δp−1← . . .

δ1← Hom(C0, K)
δ0← 0

Hp
simpl =

Ker[δp]
Im[δp−1]

p-th simplicial cohomology group 

Hsimpl
p =

Ker[∂p]
Im[∂p+1]
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Cellular homology: CW complexes

A closed k-cell  is a space homeomorphic to the ball  ek Bk = {x ∈ ℝk : |x | ≤ 1}

If  is a manifold its handlebody decomposition is a CW complex X

A CW complex  is a topological space obtained from a 0-cell (point) by gluing k-cells via an attaching map   X

The n-Sphere 

Sn = e0 ∪ en
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CW Complex 

The Torus 

T2 = e0 ∪ e1 ∪ e1 ∪ e2
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Morse Theory 

A function  is said to be a Morse function its critical points  are non degenerate (  )f : M → ℝ pi det ∂i∂j f |pi
≠ 0

Let Ms(t) = {p ∈ M |s ≤ f(p) ≤ t}

If  contains no critical values,  then 
 
                      
 

[a, b]

Ms(a) ≅ Ms(b)

If  contains a critical values  then 
 

                     
 

[a, b] ci = f(pi)

Ms(b) ≅ Ms(a) ⊔ (Bm × Bm−λ)

The integer  is called index of the critical pointλ

Morse Inequality          
 
                      
 

nλ ≥ bλEuler-Poincarè          
 
                      
 

χ = ∑ (−1)λnλ = ∑ (−1)λbλ
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The fundamental group
Let  be the two skeleton of a CW complex  with one 0-cell.  
The fundamental group of  is generated by n generators with m relations:  

X(2) = e0 ∪n e1 ∪m e2 X
X

π1(X) = π1(X(2)) = ⟨g1, g2 . . gn |r1 = 1,r2 = 1,...rm = 1⟩

π1(Sn) = π1(e0 ∪ e2δn2)⟨0 |r = 1⟩ = 0

π1(S1) = π1(e0 ∪ e1)⟨g |0⟩ = ℤ

π1(T2) = π1(e0 ∪ e1 ∪ e1 ∪ e2) = ⟨g1, g2 |r = 1⟩ = ?

π1(𝕂) = π1(e0 ∪i e1 ∪i e1 ∪ e2) = ⟨g1, g2 |r = 1⟩ = ?

Circle 

n-Sphere 

Torus  

Projective plane  

Klein Bottle

π1(ℝPn) = π1(e0 ∪ e1 ∪ e2) = ⟨g |r = 1⟩ = ?
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The g-gone construction 

Any Riemann surface of genus g can be realized from a planar surface  
with 4g edges (4g-gone):   
 
Where  and  are clockwise oriented and  and  
counterclockwise oriented

 

ai, a−1
i , bi, b−1

i (i = 1,...,g)

ai bi a−1
i b−1

i

The fundamental parallelogram gives genus zero surfaces 

abb−1a−1 abab abab−1 aba−1b−1
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Fundamental groups

π1(T2) = π1(e0 ∪ e1 ∪ e1 ∪ e2) = ⟨g1, g2 |g1g2g−1
1 g−1

2 = 1⟩ = ℤ × ℤTorus  

π1(𝕂) = π1(e0 ∪i e1 ∪i e1 ∪ e2) = ⟨g1, g2 |g1g2g1g−1
2 = 1⟩ = ℤ ⋊ ℤKlein Bottle

Projective plane  π1(ℝPn) = π1(e0 ∪ e1 ∪ e2) = ⟨g |g2 = 1⟩ = ℤ2
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Differential forms

Let  be a differentiable manifold and  its tangent bundle. 
The cotangent bundle is 

 

M TM

T*M : TM → ℝ

Elements of the cotangent bundle are called algebraic one forms, sections of the cotangent bundle are called  
differential one forms.

 
Exterior product

ω1 ∧ γ1 = − γ1 ∧ ω1 = ωγdx1 ∧ dx2

A k-form (differential) is a smooth section of the k-th external algebra of the cotangent bundle

ωk(x) : M → ⋀
k

(T*M)
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De Rham Cohomology

De Rham Cohomology

Closed forms 

Exact forms  

Let  be the group of p-forms of the manifold M, and  the external derivative  Ωp(M) d : Ωp(M) → Ωp+1(M)

Non degenerate pairing: Hsimpl
p × Hp

dR → ℂ ⟨ωp |cp] = ∫cp

ωp

It turns  , then Hp
dR ≈ Hp

simpl
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(Co) Homology with local coefficients: a local system
Let  be two points of a topological space and  the classes of homotopically inequivalent paths 
having extrema in  and  .  
 
Let  be a set of groups and  a group isomorphism.   
The couple  is called a local system if 


x, y ∈ X γi
xy

x y

{Gx} ϕ[γi
xy] : Gx → Gy

ℒ = ({Gx}, ϕ)

ϕ[γi
xy] ∘ ϕ[γ j

yz] = ϕ[γi
xyγ

j
yz]

ϕ[γi
xx] ∈ Aut(Gx) → πx(X) ≅ Aut(Gx)

ϕ[γi
xy] = ϕ[γi

yx]−1

ϕ[i] = I

If  is abelian, then  Gx ϕ[γi
xy] = ϕ(x, y)

It is a fiber bundle with trivial transition function

[Steenrod, 1943]
[Zein, Snoussi, 2000]



22

Twisted homology

Chapter 2

Twisted De Rham Theory

In this chapter we want to extend De Rham theory in order to treat integrals involving multi-
valued functions.

2.1 Introduction
Consider a finite set of m polynomials Pj(z) : Cn

æ C and the algebraic variety Dj = {Pj(z) = 0}

generated by the zeros of the j-th polynomial, assume then M to be the n≠dimensional complex
manifold obtained removing those points from Cn:

M © Cn
\ D, with D =

m€

1
Dj . (2.1)

Consider the multi-valued meromorphic function u

u(z) =
mŸ

j=1
Pj(z)–j , –j œ C \ Z, (2.2)

the holomorphic domain of u is M, because Dj are either branch points or poles (eventually
both), depending on the sign of the correspondent exponent; so restrict u on M. The simplest
way to deal with multivalued functions is to establish a prescription that restricts its image
by hand, selecting only one solution among the all possible ones, this procedure eliminate the
multivaluedness of u, but the resulting single-valued function is not holomorphic any more: a
discontinuity has arose along the segments (cuts) connecting branch points, and there is no way
to avoid it. The formal way to remove polidromy preserving holomorphicity is to defined u on a
suitable covering M̃ of M such that it becomes single-valued; for instance, if our function was
just the n≠th root of z, the cover M̃ would be the space obtained pasting together n Riemann
sheets along the cut connecting the two branch points 0 and Œ. However the covering map is in
general too much complicated in order for this method to be useful for concrete calculations; that
is why we want to develop a more handy formalism. What we are interesting in is the integral
of such a multivalued function, i.e.

IC =
⁄

C
u(z)Ï(z), (2.3)

39
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ˆÊ(� ¢ u�) ©

pÿ

j=0
(≠1)j

È01..ĵ...pÍ ¢ uÈ01..ĵ...pÍ. (2.12)

Notice the twisted boundary operator ˆÊ is nihilpotent:

ˆ2
Ê(� ¢ u�) = 0. (2.13)

We have obtained a twisted version of Stokes’ theorem by introducing a twisted boundary opera-
tor and a twisted derivative, that both turn to be nihilpotent. This fact suggests one to introduce
a twisted version of (co)-homology groups.

2.2 Twisted Homology

2.2.1 Homology with local coe�cients
Let X be an arcwise connected topological space, x, y œ X any two points of X and “i

xy the
classes of homotopically equivalent curves on X having extrema x and y. Denoting then with
“i

x œ �x the classes of loops with base point on x. Each class “i
xy determines an isomorphism

Ïi
xy : �x æ �y between fundamental groups on x and y defined by Ïi

xy(“j
x) = “i

yx“j
x“i

xy, (one
can easily convince him-herself with the help of a drawing). We say we have a local system in a
space X and we denote it by {Gx} if we can associating to each point x œ X a group (ring) Gx

and to each class of paths “i
xy a group (ring) isomorphism Ï[“i

xy] : Gx æ Gy such that

Ï[“i
xy] ¶ Ï[“j

yx] = Ï[“i
xy“j

yx]. (2.14)

It follows from (2.14) that the identity path from x to x is the identity transformation in Gx and
that inverse of the isomorphism is the one associated to the inverse path. Moreover each loop on
x determines an automorphism of Gx, so �x is the group of automorphisms of Gx. If �x acts as
the identity on Gx, and if this is true in x it must be true in every point, then the isomorphism
Ï[“i

xy] does not depend on the path from x to y and, as a consequence, all Gx are isomorphic
among themselves, i.e. the local system consists of one group G and a copy of it for each point of
X. Let call such a local system a simple local system. It can be proven that if Gx is an abelian
group than {Gx} is isomorphic to a simple local system. We are not interested in non abelian
local systems or ring local systems, so in the next we will just use the term local system having
in mind a simple local system of abelian groups. For us a local system is then just a fibre bundle
with trivial transition function, that is having the same fibre at every point.
Let now {Gx} be a local system in the space X admitting a cell complex decomposition K,
denoting a q≠cell by ÈeqÍ, we define a q≠ chain with values in the local system, or twisted chain,
the linear combination

cq =
ÿ

i

Èeq
i Í ¢ Gx, (2.15)

for some x œ ÈeqÍ. Twisted chains form a group, the twisted chain group Cp(X, {Gx}). We can
now introduce a twisted boundary operator as

Consider a multivalued function  

The solutions of the differential equation  
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ˆÊ : Cp(X, {Gx}) æ Cp≠1(X, {Gx}). (2.16)

and define the twisted homology group as

Definition 2.1.
Hp(X, {Gx}) = KerˆÊ

ImˆÊ
(2.17)

The elements of Hk(X, {Gx}), are called twisted cycles and denoted by |C].

2.2.2 Constructing a local system
Coming back to our initial issue, we want to explicitly construct a local system on the manifold
M. Consider the di�erential equation on M

ÒÊh = dh +
mÿ

j=1
–j

dPj

Pj
h = 0, (2.18)

it admits a general solution that can be formally written as

h = c
mŸ

j=1
P

≠–j

j , c œ C. (2.19)

and the space generated by the local solutions of (2.18) has dimension 1. Cover now M by a
finite set of open subsets Ui and fix a single-valued non-zero solution hi on each Ui; since, for
i ”= j, hi and hj are solutions of the same di�erential equation we have

hi(x) = gij(x)hj(x), x œ Ui fl Uj , (2.20)

on the other the solution h(x) in the intersection set can be written both as a linear combination
of the solution on Ui and Uj , so

h(x) = aihi = ajhj , (2.21)

with ai, aj œ C. Comparing the last two equations we see that gij is just a constant. As a
consequence, the set of local solutions of (2.18) defines a local system with fiber C. Denote by
LÊ(“) the local system with transition function g≠1

ij and by L
‚
Ê the local system, said dual to LÊ,

with transition function gij . The function u(z) turns to be a local section of the local system,
this fact concretely provides the connection between the previous formal approach and intuitive
explanation given at the beginning.

Example 2.1. Consider the multivalued function u(z) = z–1(z ≠ 1)–2 , with –j /œ Z, on M =
C\{0, 1}. In order to find the elements of twisted homology groups, consider the path showed in
figure 2.1, composed by two small circles S1

Á (0) and S1
Á (1) of radius Á around the branch points

0 and 1 respectively, and a segment ÈÁ, 1 ≠ ÁÍ. The boundaries of the three components can be
obtained applying (2.12):

define Local System        . 

Twisted chains are chains with coefficients in the Local System:

We introduce a Boundary operator:
Twisted Homology is defined as:
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Calculating commutators among them, we find the algebra:

[lm, ln] = (m ≠ n)lm+n
#
lm, ln

$
= (m ≠ n)lm+n

#
ln, lm

$
= 0.

(A.20)

We first notice the conformal group in two dimensions is infinite dimensional and its algebra
consists in the direct sum of two identical copies, known as Witt algebra. An other important
feature to be notice, unique of the bidimensional case and more suitable to be detected, is that
not all generators are globally well defined: if we imposed ‘ analyticity in 0 and infinity we find
that only ‘n for n = ≠1, 0, 1 are allowed to be not null, and consequently the only generators
globally well defined are l≠1, l0 and l1. Equivalent considerations are valid for barred quantities.
These three generators span an algebra isomorphic to sl(2,C) and they generate the finite trans-
formations:

l≠1 : z æ z + – Translation
l0 : z æ ⁄z Scaling

l1 : z æ
z

1≠—z SCT

rotations on the z-plane are generated by the linear combination i(l0 ≠ l̄0), while dilations by
scaling in both z and z̄, i.e. l0 + l̄0. This transformations can be rearranged in a single expression:

z ≠æ f(z) = az + b

cz + d
(A.21)

where a, b, c, d œ C such that ad ≠ bc = 1.This group, know as restricted conformal group is the
projective special linear group PSL(2,C) = SL(2,C)/Z2 ≥ SO(3, 1), where Z2 fixes the freedom
to change the sign to all parameters leaving the transformation invariant.

Let Èei|, |hiÍ, [CLi|,CRi] be basis for (co-homology spaces). Intersection matrices are defined as:

Cij © Èei|hjÍ Hij = [CLi|CRj ]. (A.22)

The identity operator can be written as:
ÿ

ij

|hiÍC
≠1
ij Èej | = 1

ÿ

ij

|CRi](H≠1)ij [CLj | = 1

ÈÏL|CR] =
ÿ

ij

|hiÍ(C≠1)ijÈej |CR]

ÈÏL|ÏRÍ = ÈÏL|CRi](H≠1)ij [CLj |ÏRÍ

Cp(M, LÊ) – cp =
ÿ

i

Èep
i Í ¢ LÊ

Hp(M, LÊ) ©
Ker ˆÊ

ImˆÊ
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Cij © Èei|hjÍ Hij = [CLi|CRj ]. (A.22)

The identity operator can be written as:
ÿ

ij

|hiÍ(C≠1)ijÈej | = 1c

ÿ

ij

|CRi](H≠1)ij [CLj | = 1h

ÈÏL|CR] =
ÿ

ij

|hiÍ(C≠1)ijÈej |CR]

ÈÏL|ÏRÍ =
ÿ

ij

ÈÏL|CRi](H≠1)ij [CLj |ÏRÍ

Cp(M, LÊ) – cp =
ÿ

i

�i
p ¢ LÊ

Hp(M, LÊ) ©
Ker ˆÊ

ImˆÊ

[Aomoto,Kita,Yoshida,Cho,Matsumoto,Goto…]
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ˆÊ : Cp(X, {Gx}) æ Cp≠1(X, {Gx}). (2.16)

and define the twisted homology group as

Definition 2.1.
Hp(X, {Gx}) = KerˆÊ

ImˆÊ
(2.17)

The elements of Hk(X, {Gx}), are called twisted cycles and denoted by |C].

2.2.2 Constructing a local system
Coming back to our initial issue, we want to explicitly construct a local system on the manifold
M. Consider the di�erential equation on M

ÒÊh = dh +
mÿ

j=1
–j

dPj

Pj
h = 0, (2.18)

it admits a general solution that can be formally written as

h = c
mŸ

j=1
P

≠–j

j , c œ C. (2.19)

and the space generated by the local solutions of (2.18) has dimension 1. Cover now M by a
finite set of open subsets Ui and fix a single-valued non-zero solution hi on each Ui; since, for
i ”= j, hi and hj are solutions of the same di�erential equation we have

hi(x) = gij(x)hj(x), x œ Ui fl Uj , (2.20)

on the other the solution h(x) in the intersection set can be written both as a linear combination
of the solution on Ui and Uj , so

h(x) = aihi = ajhj , (2.21)

with ai, aj œ C. Comparing the last two equations we see that gij is just a constant. As a
consequence, the set of local solutions of (2.18) defines a local system with fiber C. Denote by
LÊ(“) the local system with transition function g≠1

ij and by L
‚
Ê the local system, said dual to LÊ,

with transition function gij . The function u(z) turns to be a local section of the local system,
this fact concretely provides the connection between the previous formal approach and intuitive
explanation given at the beginning.

Example 2.1. Consider the multivalued function u(z) = z–1(z ≠ 1)–2 , with –j /œ Z, on M =
C\{0, 1}. In order to find the elements of twisted homology groups, consider the path showed in
figure 2.1, composed by two small circles S1

Á (0) and S1
Á (1) of radius Á around the branch points

0 and 1 respectively, and a segment ÈÁ, 1 ≠ ÁÍ. The boundaries of the three components can be
obtained applying (2.12):
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ˆÊS1
Á (0) = ÈÁÍ ¢ u(Áe2fii) ≠ ÈÁÍ ¢ u(Á) = Á(e2fii–1 ≠ 1) ¢ ÈÁÍ,

ˆÊS1
Á (1) = ÈÁÍ ¢ u(1 ≠ Áe2fii) ≠ ÈÁÍ ¢ u(1 ≠ Á) = Á(e2fii–2 ≠ 1) ¢ ÈÁÍ,

ˆÊÈÁ, 1 ≠ ÁÍ = È1 ≠ ÁÍ ≠ ÈÁÍ.
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Omitting the irrelevant overall coe�cient Á 1, we see that the twisted cycle

�(Ê) = 1
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Á (0) ¢ uS1
Á (0) + ÈÁ, 1 ≠ ÁÍ ¢ u(0,1) ≠

1
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Á (1) ¢ uS1
Á (1) (2.23)

satisfies ˆÊ�(Ê) = 0, i.e. it is closed in the twisted sense, so the class defined by �(Ê) up to
exact twisted cycles belongs to the first homology group with coe�cient in L

‚
Ê:

[�(Ê)] œ H1(M, L
‚
Ê). (2.24)

This twisted cycle is called regularization of the open (0, 1) interval, and it coincides to Pochham-
mer contour.

This twisted cycle turn to be the fundamental block to write down the twisted homology group
of more complicated spaces. Consider indeed a function U of the form

u(z) =
n≠1Ÿ

j=0
(z ≠ zj)–j –i œ C \ Z, (2.25)

defined on P1
\ {z0, z1, ...zn}, with zn = {Œ}. Suppose for future convenience zj œ R. The

zero-th homology group is trivially null due to the connectedness of M, H0(M, L
‚
Ê) = 0, i.e. any

two twisted zero chains are boundary of a twisted one chain. The 2-th homology group is also
zero, now for the non compactness of M. Finnally being M a two (real) dimensional space, the
higher homology group are zero too. The only non trivial homology group is the first. Applying
(1.39) we have

‰(M) = ≠dimH1, (2.26)
1
The important part of the coe�cient is the one expressing the changing from one fiber to another, a constant

prefactor is completely irrelevant
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on the other

‰(M) = ‰(P1
\ {z1, z2, ...zn}) = ‰(P1) ≠ ‰({z0, z1, ...zn}) = 2 ≠ (n + 1) = ≠n + 1, (2.27)

thus

dimH1 = n ≠ 1. (2.28)

A basis of n ≠ 1 independent twisted cycles is provided by the twisted cycles �j(Ê) constructed,
in the same manner then above, between zj and zj+1:

�j(Ê) = 1
cj ≠ 1S1

Á (zj) ¢ uS1
Á (zj) + Èzj + Á, zj+1 ≠ ÁÍ ¢ u(zj ,zj+1) ≠

1
cj+1 ≠ 1S1

Á (zj+1) ¢ uS1
Á (zj+1),

(2.29)

where we have defined ci = exp2fii–i. We therefore have:

H1(M, L
‚
Ê) ƒ

n≠1n

j=1
C · �j(Ê). (2.30)

2.3 Twisted cohomology
In order to define a twisted version of cohomology groups, we proceed analogously to what we
did for homology group. The first step is to consider di�erential forms with values in the line
bundle defined by the local system LÊ

�k(M, LÊ) = �k(M,C) ¢ LÊ. (2.31)

The elements of this space are called k≠ left forms and denoted by ÏL
k . Later on when we will

not need to explicitly write the order we will simply denote it by ÏL.
Notice the twisted derivative defined in (2.7) acts on a k left form as

ÒÊÏk
L = Ò(Ïku) = dÏku = Ïk+1u = ÏL

k+1 (2.32)

that is

ÒÊ : �k(M, LÊ) æ �k+1(M, LÊ). (2.33)

Then, because the twisted derivative is nihilpotent, as one can easily verify, we can write the
cochain complex:

0 Ò0
Ê

≠≠æ �0(M, LÊ) Ò1
Ê

≠≠æ �1(M, LÊ) Ò2
Ê

≠≠æ ...
Òn

Ê
≠≠æ �n(M, LÊ) d

≠æ 0, (2.34)

The cohomology associated to this complex is precisely what we call twisted cohomology group:

We analogously introduce k-forms with values in the Local System  
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And a boundary operator 

Twisted Cohomology is the cohomology of the sequence 
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Definition 2.2. Let {�k(M, LÊ), Ò
k
Ê} be the cochain complex of di�erential forms groups with

coe�cient in a local system LÊ and Ò
k
Ê the covariant derivative defined by the connection Ê. We

call k ≠ th twisted cohomology group and we denoted it by Hk(M, ÒÊ), or just Hk
Ê, the quotient

group:

Hk(M, ÒÊ) ©
ker[Òk

Ê]
Im[Òk+1

Ê ]
. (2.35)

The elements of the Hk
Ê are classes of k left forms under the equivalent relation induced by the

twisted derivative, that is are covariantly closed k left forms up to exact ones; we denote them
by ÈÏL

k |.

As it emerged during the discussion of twisted homology, one can define dual quantities to the
ones above considering the dual local system L

‚
Ê ; introduce then the group of k≠ forms with

values in L
‚
Ê

Hk(M, L
‚
Ê) = Hk(M,C) ¢ L

‚
Ê , (2.36)

whose elements are called right k forms and denoted by ÏR
k . The connection associated to the

dual local system is just ≠Ê, so the covariant derivative is Ò≠Ê; we therefore have

Hk(M, Ò≠Ê) ©
ker[Ò≠Êk ]

Im[Ò≠Êk+1 ] . (2.37)

2.4 Vectorial structure of (Co)homology spaces
Vectorial structure of �n(M,C) induces a vectorial structure to the twisted cohomology group
either, this allows one to deduce important result by purely algebraical considerations. This
fact was firstly noticed by Mastrolia and Mizera in [7] and subsequently succesfully applied to
Feynman integral and formalized by Frellesvig et all in [10],[8] and [11].
Let {Èei|} be a basis of Hn

Ê , any left form ÈÏL| œ | can be written as

ÈÏL| =
‹ÿ

i=1
ciÈei|, (2.38)

where ‹ = dim(Hn
Ê ). Analogously, for any right form ÏRÍ œ Hn

≠Ê we can write

|ÏRÍ =
‹ÿ

i=1
c̃i|hiÍ, (2.39)

with {|hiÍ} a basis of Hn
≠Ê.

Consider now the paring between a left form and twisted cycle C, one has

ÈÏL|C] =
‹ÿ

i=1
ciÈei|C], (2.40)

[Aomoto,Kita,Yoshida,Cho,Matsumoto…]



24

Intersection numbers

Cycle-cocycle pairing 

Cocycle-cocycle pairing 

Cycle-cycle pairing 
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3
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4
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⁄

ˆ�k+1

Ï =
⁄

�k+1

dÏ

⁄

�k

Ï =
⁄

�k

Ï + ⁄, d⁄ = 0

⁄

�k

Ï =
⁄
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Ï, ˆ�̃k = 0

Hk(M, ÒÊ) ◊ Hk(M, L
‚
Ê) æ C ÈÏL|CR] =

⁄

CR

uÏL

Hk(M, Ò≠Ê) ◊ Hk(M, LÊ) æ C [CL|ÏRÍ =
⁄

CL

u≠1ÏR

[Aomoto,Kita,Yoshida,Cho,Matsumoto…]
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Intersection numbers: twisted cycles
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“1 · “2 = “1 · “2 =
“1

“2

“1

“2

= +1 = ≠1

Figure 2.2: Topological intersection

(2.77) we have to choose a deformation “ of the oriented (0, 1) segment, for example the one
depicted in figure 2.3. Whatever “ is we see from the picture it must intersect the circles S1

Á,i and
S1

Á,i+1 in just a point respectively, because otherwise it was not locally finite, and the topological
intersections are always ≠1 in the first case and +1 in the second one. The topological intersection
number between “ and the Èzi, zi+1Í segment, which could intersect in any number of points n,
only depends on whether n is even or odd: due the the fact that two consecutive intersections
have opposite topological intersection, if n is even (0 included) “ · Èzi, zi+1Í = 0, while if n is odd
“ · Èzi, zi+1Í = ±1 depending on the topological intersection of the first intersection point.

zi

S1
Á,i

“

Èzi, zi+1Í

zi+1

S1
Á,i+1

Figure 2.3: in

Monodromy factors. Given two loaded paths “1 and “2, we call monodromy factor the term

M(“1, “2) = U“1U≠1
“2 . (2.79)

Despite the previous quantity could seems simply to coincide with the identity, at first glance,
that is not actually always true, and as we will see in a moment the key detail lies in whether
“1 and “2 belong to the same branch of U or they do not. Let zp

i be the coordinate of the
intersection point P obtained approaching to P along the path “i, we can practically calculate
the monodromy factor as

M(“1, “2) = U(zp
1)U≠1(zp

2). (2.80)

We in general have

U(z) =
mŸ

j=1
Pj(z)–j , (2.81)

where Pj(z) = (z ≠ zj). Thus we have

M(“1, “2) =
mŸ

j=1
Pj(zp

1)–j Pj(zp
2).≠–j =

mŸ

j=1
(zp

1 ≠ zj)–j (zp
2 ≠ zj).≠–j (2.82)

Topological intersection

[C1 |C2]
Diagrammatical Techniques

Singularities

[Mimachi, Yoshida, 2003]

[Mizera, 2019]
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ˆÊS1
Á (0) = ÈÁÍ ¢ u(Áe2fii) ≠ ÈÁÍ ¢ u(Á) = Á(e2fii–1 ≠ 1) ¢ ÈÁÍ,

ˆÊS1
Á (1) = ÈÁÍ ¢ u(1 ≠ Áe2fii) ≠ ÈÁÍ ¢ u(1 ≠ Á) = Á(e2fii–2 ≠ 1) ¢ ÈÁÍ,

ˆÊÈÁ, 1 ≠ ÁÍ = È1 ≠ ÁÍ ≠ ÈÁÍ.

(2.22)

0

S1
Á (0)

1

S1
Á (1)

Á Á

ÈÁ, 1 ≠ ÁÍ

Figure 2.1: Twisted cycle between 0 and 1.

Omitting the irrelevant overall coe�cient Á 1, we see that the twisted cycle

�(Ê) = 1
e2fi–1 ≠ 1S1

Á (0) ¢ uS1
Á (0) + ÈÁ, 1 ≠ ÁÍ ¢ u(0,1) ≠

1
e2fi–2 ≠ 1S1

Á (1) ¢ uS1
Á (1) (2.23)

satisfies ˆÊ�(Ê) = 0, i.e. it is closed in the twisted sense, so the class defined by �(Ê) up to
exact twisted cycles belongs to the first homology group with coe�cient in L

‚
Ê:

[�(Ê)] œ H1(M, L
‚
Ê). (2.24)

This twisted cycle is called regularization of the open (0, 1) interval, and it coincides to Pochham-
mer contour.

This twisted cycle turn to be the fundamental block to write down the twisted homology group
of more complicated spaces. Consider indeed a function U of the form

u(z) =
n≠1Ÿ

j=0
(z ≠ zj)–j –i œ C \ Z, (2.25)

defined on P1
\ {z0, z1, ...zn}, with zn = {Œ}. Suppose for future convenience zj œ R. The

zero-th homology group is trivially null due to the connectedness of M, H0(M, L
‚
Ê) = 0, i.e. any

two twisted zero chains are boundary of a twisted one chain. The 2-th homology group is also
zero, now for the non compactness of M. Finnally being M a two (real) dimensional space, the
higher homology group are zero too. The only non trivial homology group is the first. Applying
(1.39) we have

‰(M) = ≠dimH1, (2.26)
1
The important part of the coe�cient is the one expressing the changing from one fiber to another, a constant

prefactor is completely irrelevant

Δi(ω) =

Δi =

Intersection among contours: 
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=

Combining these diagrams in such a way that “ is a locally finite deformation of the (0, 1) interval,
that is it must not turn around poles and it must be continuous, one can perform four di�erent
representations of the intersection number:

zi

S1
Á,i

“

Èzi, zi+1Í

zi+1

S1
Á,i+1

= ≠
1

e2fii–i ≠1 ≠ 1 ≠
1

e2fii–i+1 ≠1

zi

S1
Á,i

“

Èzi, zi+1Í

zi+1

S1
Á,i+1

= ≠
e2fii–i

e2fii–i ≠1 + 1 ≠
e2fii–i+1

e2fii–i+1 ≠1

zi

S1
Á,i

“

Èzi, zi+1Í

zi+1

S1
Á,i+1

= ≠
1

e2fii–i ≠1 ≠
e2fii–i+1

e2fii–i+1 ≠1

zi

S1
Á,i

“

Èzi, zi+1Í

zi+1

S1
Á,i+1

= ≠
e2fii–i

e2fii–i ≠1 ≠
1

e2fii–i+1 ≠1

The four results above, as one can easily prove with few algebra, actually coincides, thus one

[Δi(ω) |Δi] =
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In order to find and explicit expression for the pairing above, let first explicitly construct the
regularization map for one forms.
Let Uj µ Vj µ M be two neighborhoods zj , and let hj : M æ C be a CŒ function on M such
that

hj(z) =
I

1 z œ Uj ,

0 z /œ Vj .
(2.93)

as shown in figure 2.5.

zj Uj Vj zj

hj

Uj Vj

Figure 2.5: Pictorial representation of Uj , Vj and hj(z).

Let now ÏL(z) œ �1
Ê be a one form and Âj(z) œ �0(Vj) a function such that

ÒÊÂj(z) = ÏL(z) forz œ Vj , (2.94)

then the one form

ÏÕ
L © ÏL ≠ ÒÊ(hjÂj) =

I
0 if z œ Uj

ÏL if z /œ Vj ,
(2.95)

where the some over repeated j is understood, has support

supp[ÏÕ
L] µ

Q

a
€

j

Uj

R

b
c

, (2.96)

where the superscript c here stands for the complementary set in P1. Because Uj are open, their
complementary is closed, and then ÂÕ has compact support; we have found the explicit action of
the regularization map

regc(ÏL) = ÏL ≠ ÒÊ(hjÂj). (2.97)

The function Âj introduced here will play an important role in the next, let for now notice that
it can be formally written as:

With           the local solution of             
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Âj(t) = 1
(cj ≠ 1)u(t)

⁄

C(t)
u(z)ÏL for t œ Vj , (2.98)

where C(t) = “(t) ¢ u(t) with “ any loop of Vj with base point t and turning once around zj .
Clearly, Âj(t) does not depend on the choice of “, as once can trivially convince itself. Let now
prove (2.98) actually satisfies (2.94), one has:

ÒÊÂj(t) = dÂj + Ê · Âj =
3

≠
du

(cj ≠ 1)u2

⁄
uÏL + 1

(cj ≠ 1)u (uÏL)
---
ˆ(C(s)

4
+ du

u
· Âj =

= 1
(cj ≠ 1)u (cjuÂ ≠ uÂ) = Â

.

(2.99)

We define the intersection between 1-forms as

ÈÏL|ÏRÍ ©
1

2fii

⁄

M
regc(ÏL) · ÏR. (2.100)

We have

2fiiÈÏL|ÏRÍ =
⁄

M
(ÏL ≠ ÒÊ(hjÂj)) · ÏR =

⁄
t

Uj

(ÏL ≠ ÒÊ(hjÂj)) · ÏR +
⁄
t

(Vj≠Uj)
(ÏL ≠ ÒÊ(hjÂj)) · ÏR +

⁄

(
t

Vj)c
(ÏL ≠ ÒÊ(hjÂj)) · ÏR

(2.101)

where we have just decomposed the integration region. Now, the first integral is zero because
regc(ÏL) = 0 in Uj by definition 2.95 and the third integral is also zero, due to the same definition,
because ÏL · ÏR = 0, being the wedge product of two 1 forms in one variable. Then one has:

2fiiÈÏL|ÏRÍ =
⁄
t

(Vj≠Uj)
(ÏL ≠ ÒÊ(hjÂj)) · ÏR = ≠

ÿ

j

⁄

Vj≠Uj

ÒÊ(hjÂj) · ÏR =

= ≠

ÿ

j

⁄

Vj≠Uj

(d(hjÂj) + ÊhjÂj) · ÏR = ≠

ÿ

j

⁄

Vj≠Uj

d(hjÂj) · ÏR =

= ≠

ÿ

j

⁄

Vj≠Uj

d(hjÂjÏR) = ≠

ÿ

j

⁄

ˆ(Vj≠Uj)
(hjÂjÏR)

(2.102)

where in the last equality Stokes’ theorem has been applied and in the second last one we used
d2ÏR = 0. This passage is crucial: this equality holds here because we are considering just
one variable, if more variables were involved it would not be true, unless ÏR = df for some
f . Now, the boundary of the annulus Vj ≠ Uj is obviously given by the boundaries of the two
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neighborhoods, and reminding hj is identically zero on the boundary of Vj and 1 on the boundary
of Uj , we have:

2fiiÈÏL|ÏRÍ = ≠

ÿ

j

⁄

ˆ(Vj

(hjÂjÏR) +
ÿ

j

⁄

ˆ(Uj)
(hjÂjÏR) =

⁄

ˆ(Uj)
ÂjÏR. (2.103)

Finally we can apply residue theorem and obtain

ÈÏL|ÏRÍ =
ÿ

j

Resz=zj (ÂjÏR). (2.104)

Therefore we have found that the computation of the intersection number between two 1≠ forms
ÏL and ÏR reduces to: (1) solve a di�erential equation around each pole in order to find the local
potential Âj of ÏL and (2) compute the residue of the function ÂjÏR at each pole. Expression
(2.104) assumes a further simplified form when ÏL and ÏR have only simple poles. Let

ÏjL(z) =
Œÿ

n=≠1
�L

jn(z ≠ zj)n, (2.105)

be the Laurent expansion of ÏL around the pole zj , and

Âj =
Œÿ

n=0
�jn(z ≠ zj)n, (2.106)

the one of Âj . Reminding

Ê = dlog(u) =
ÿ

i

–i

z ≠ zi
dz, (2.107)

we have

ÒÊÂj =
Œÿ

n=1
n�jn(z ≠ zj)n≠1dz +

Œÿ

n=0
�jn(z ≠ zj)n

Q

a –j

z ≠ zj
+

ÿ

i ”=j

–i

z ≠ zj

R

b dz =

= –j�j0(z ≠ zj)≠1 +
Œÿ

n=1
�̃jn(z ≠ zj)n,

(2.108)

where �̃jn have been defined. Comparing (2.105) and (2.108) term by term (in order for (2.94)
to be satisfied) one can fully determine „j ; actually we do not need all the terms, but just the
one related to the pole of ÏjL:

�L
j,≠1 = –j�j0. (2.109)

Thus, Laurent expanding also ÏR, the intersection number becomes:
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Âj = 1
Ê

ÏjL. (2.121)

Notice this expression actually does not depend any more on j, because the dependence on zj is
encoded inside Ê, then this is really true globally

Â = 1
Ê

ÏL. (2.122)

One could read this result directly from (2.94) once one convinces himself the potential is holo-
morphic in zj and the only term contributing to the residue is the zero-th one, whose derivative
is clearly null. With this result (2.104) becomes

ÈÏL|ÏRÍ =
ÿ

j

Res
z=zj

1ÏjLÏR

Ê

2
. (2.123)

Now, the function (ÏLÏR)/Ê has poles both at the poles zj of Ê and at the zeros zú
j of Ê; because

the sum over all residues, with the one at infinity taken into account, must be zero, one can write:

Res
z=zj

1ÏjLÏR

Ê

2
= ≠ Res

z=zú
j

1ÏjLÏR

Ê

2
(2.124)

⁄
”[Ê]ÏLÏR =

ÿ

z=zú
j

⁄
”(z ≠ zú

j )
|ˆÊ|

ÏLÏR =
ÿ

z=zú
j

ÏLÏR

|ˆÊ|

---
z=zú

j

(2.125)

In words, we have managed to write the intersection number between one logarithmic forms in
terms of an expression computed in the zeros of the connection instead that in its poles; although
this is not vary illuminating from a mathematical point of view, when one has to concretely find
these points it turns to be easier to identify zeros respect to poles. In [9] Mizera shows that
(2.125) can be generalized to the multivariate case, the final result is

ÈÏL|ÏRÍ =
⁄ nŸ

i=1
dzi”[Êi]ÏLÏR =

ÿ

zú
ij

|ˆiÊj |
≠1ÏLÏR

---
zi=zú

ij

. (2.126)

where zú
ij .

2.6.1 A recursive method for generic n-forms
As we said, in the one dimensional case one can always find a logarithmic basis for the cohomol-
ogy space, and then compute intersection numbers by means of Matsumoto or Mizera formulae;
this is no long true when one considers the multivariate case: the n≠th cohomology space of
meromorphic forms seems not to be in general isomorphic to the one of logarithmic forms, more-
over also in those cases where this occurs, finding a logarithmic basis and decomposing a generic
n≠ form onto it, is vary challenging. For this reason one would like to have an algorithm able
to directly compute the intersection number of generic n≠forms. In [8] Frellesvig, Gasparotto,
Mandal, Mastrolia, Matiazzi and Mizera, presented a recursive algorithm for constructing mul-
tivariate intersection number between generic n≠ forms. Subsequently in [42] Weinzierl shows

[Cho, Matsumoto (1995)]

[Mizera (2017)]

• Univariate forms 
 
 

•  (Multivariate) dlog forms 
 
 

• Multivariate generic forms

  = poles of       = zeros of       = poles of   𝒫ω ω 𝒵ω ω Pω Ω(n)
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For generic 0≠form ›i(z2), one therefor has:

0 =
⁄

C(2)
R

dz2

1
›i(z2)Èe(1)

i |C(1)
R ]

2
=

⁄

C(2)
R

(Ò�(2))ij›i(z2)Èe(1)
i |C(1)

R ], (2.134)

where

(Ò�(2))ij © ”ijdz2 + �(2)
ij . (2.135)

Consider then the di�erential equation around the pole q

Ò�(2)Â
(q)
i = Ï(2)

L,i, (2.136)

proceeding as in the previous section, this di�erential equation allows one to construct a realiza-
tion of the regularization map, i.e. explicitly obtain a compactly supported form belonging to
the same cohomology class of Ï(2)

L,i, and therefore apply formula 2.104, finally obtaining:

ÈÏ(2)
L |Ï(2)

R Í =
‹1ÿ

i,j=1

ÿ

q=P (2)
�

Res
z2=q

1
Â(q)

i (C(1))ij
Ï(2)

R,j

2
. (2.137)

General case. The last procedure can be generalized for the generic multivariate case, paying
attention to the fact that now the inner space is clearly not one-dimensional but n≠1 dimensional.
Equation 2.137 becomes

ÈÏ(n)
L |Ï((n))

R Í =
ÿ

pœPÊ

Res
zn=p

1
Â(n)

i (C(n≠1))ij
Ï(n)

Rj

2
; (2.138)

applying the algorithm recursively one is able to reduce the dimension of the intersection matrix
step by step, finally obtaining:

ÈÏ(n)
L |Ï(n)

R Í =
ÿ

pnœPn

...
ÿ

p1œP1

Res
zn=pn

... Res
z1=p1

1
Â(n)

in≠1
Â(n≠1)

in≠1in≠2
...Â(1)

i11Ï(n)
R

2
, (2.139)

for all im = 1, ..., ‹m, where Âm
imim≠1 are the local solutions of the di�ertial equation

ˆzmÂm
imim≠1 + Âm

jmim≠1�(m)
jmim≠1

= ê(m)
jmim≠1

, (2.140)

and ê(m)
jmim≠1

defined by

Èe(m)
jmim≠1

| = ê(m)
jmim≠1

dzm. (2.141)

[Matsumoto (1998)]

[Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera, (2019)][Mizera (2019)]

⟨φ1 |φ2⟩Intersection among forms:

 

[Matsumoto, 1998]  

[Padova group 2019/2022]  

[Weinzierl, 2021]  
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Calculating commutators among them, we find the algebra:

[lm, ln] = (m ≠ n)lm+n
#
lm, ln

$
= (m ≠ n)lm+n

#
ln, lm

$
= 0.

(A.20)

We first notice the conformal group in two dimensions is infinite dimensional and its algebra
consists in the direct sum of two identical copies, known as Witt algebra. An other important
feature to be notice, unique of the bidimensional case and more suitable to be detected, is that
not all generators are globally well defined: if we imposed ‘ analyticity in 0 and infinity we find
that only ‘n for n = ≠1, 0, 1 are allowed to be not null, and consequently the only generators
globally well defined are l≠1, l0 and l1. Equivalent considerations are valid for barred quantities.
These three generators span an algebra isomorphic to sl(2,C) and they generate the finite trans-
formations:

l≠1 : z æ z + – Translation
l0 : z æ ⁄z Scaling

l1 : z æ
z

1≠—z SCT

rotations on the z-plane are generated by the linear combination i(l0 ≠ l̄0), while dilations by
scaling in both z and z̄, i.e. l0 + l̄0. This transformations can be rearranged in a single expression:

z ≠æ f(z) = az + b

cz + d
(A.21)

where a, b, c, d œ C such that ad ≠ bc = 1.This group, know as restricted conformal group is the
projective special linear group PSL(2,C) = SL(2,C)/Z2 ≥ SO(3, 1), where Z2 fixes the freedom
to change the sign to all parameters leaving the transformation invariant.

Let Èei|, |hiÍ, [CLi|, |CRi] be basis for (co-homology spaces). Intersection matrices are defined as:

Cij © Èei|hjÍ Hij = [CLi|CRj ]. (A.22)

The identity operator can be written as:
ÿ

ij

|hiÍ(C≠1)ijÈej | = 1c

ÿ

ij

|CRi](H≠1)ij [CLj | = 1h

ÈÏL|CR] =
ÿ

ij

|hiÍ(C≠1)ijÈej |CR]

ÈÏL|ÏRÍ =
ÿ

ij

ÈÏL|CRi](H≠1)ij [CLj |ÏRÍ

Cp(M, LÊ) – cp =
ÿ

i

�i
p ¢ LÊ

Hp(M, LÊ) ©
Ker ˆÊ

ImˆÊ

Master decomposition formula (linear) Twisted Riemann period relations (quadratic)

120 APPENDIX A. APPENDIX

Calculating commutators among them, we find the algebra:

[lm, ln] = (m ≠ n)lm+n
#
lm, ln

$
= (m ≠ n)lm+n

#
ln, lm

$
= 0.

(A.20)

We first notice the conformal group in two dimensions is infinite dimensional and its algebra
consists in the direct sum of two identical copies, known as Witt algebra. An other important
feature to be notice, unique of the bidimensional case and more suitable to be detected, is that
not all generators are globally well defined: if we imposed ‘ analyticity in 0 and infinity we find
that only ‘n for n = ≠1, 0, 1 are allowed to be not null, and consequently the only generators
globally well defined are l≠1, l0 and l1. Equivalent considerations are valid for barred quantities.
These three generators span an algebra isomorphic to sl(2,C) and they generate the finite trans-
formations:

l≠1 : z æ z + – Translation
l0 : z æ ⁄z Scaling

l1 : z æ
z

1≠—z SCT

rotations on the z-plane are generated by the linear combination i(l0 ≠ l̄0), while dilations by
scaling in both z and z̄, i.e. l0 + l̄0. This transformations can be rearranged in a single expression:

z ≠æ f(z) = az + b

cz + d
(A.21)

where a, b, c, d œ C such that ad ≠ bc = 1.This group, know as restricted conformal group is the
projective special linear group PSL(2,C) = SL(2,C)/Z2 ≥ SO(3, 1), where Z2 fixes the freedom
to change the sign to all parameters leaving the transformation invariant.

Let Èei|, |hiÍ, [CLi|, |CRi] be basis for (co-homology spaces). Intersection matrices are defined as:

Cij © Èei|hjÍ Hij = [CLi|CRj ]. (A.22)

The identity operator can be written as:
ÿ

ij

|hiÍ(C≠1)ijÈej | = 1c

ÿ

ij

|CRi](H≠1)ij [CLj | = 1h

ÈÏL|CR] =
ÿ

ij

|hiÍ(C≠1)ijÈej |CR]

ÈÏL|ÏRÍ =
ÿ

ij

ÈÏL|CRi](H≠1)ij [CLj |ÏRÍ

Cp(M, LÊ) – cp =
ÿ

i

�i
p ¢ LÊ

Hp(M, LÊ) ©
Ker ˆÊ

ImˆÊ

120 APPENDIX A. APPENDIX

Calculating commutators among them, we find the algebra:

[lm, ln] = (m ≠ n)lm+n
#
lm, ln

$
= (m ≠ n)lm+n

#
ln, lm

$
= 0.

(A.20)

We first notice the conformal group in two dimensions is infinite dimensional and its algebra
consists in the direct sum of two identical copies, known as Witt algebra. An other important
feature to be notice, unique of the bidimensional case and more suitable to be detected, is that
not all generators are globally well defined: if we imposed ‘ analyticity in 0 and infinity we find
that only ‘n for n = ≠1, 0, 1 are allowed to be not null, and consequently the only generators
globally well defined are l≠1, l0 and l1. Equivalent considerations are valid for barred quantities.
These three generators span an algebra isomorphic to sl(2,C) and they generate the finite trans-
formations:

l≠1 : z æ z + – Translation
l0 : z æ ⁄z Scaling

l1 : z æ
z

1≠—z SCT

rotations on the z-plane are generated by the linear combination i(l0 ≠ l̄0), while dilations by
scaling in both z and z̄, i.e. l0 + l̄0. This transformations can be rearranged in a single expression:

z ≠æ f(z) = az + b

cz + d
(A.21)

where a, b, c, d œ C such that ad ≠ bc = 1.This group, know as restricted conformal group is the
projective special linear group PSL(2,C) = SL(2,C)/Z2 ≥ SO(3, 1), where Z2 fixes the freedom
to change the sign to all parameters leaving the transformation invariant.

Let Èei|, |hiÍ, [CLi|, |CRi] be basis for (co-homology spaces). Intersection matrices are defined as:

Cij © Èei|hjÍ Hij = [CLi|CRj ]. (A.22)

The identity operator can be written as:
ÿ

ij

|hiÍ(C≠1)ijÈej | = 1c

ÿ

ij

|CRi](H≠1)ij [CLj | = 1h

ÈÏL|CR] =
ÿ

ij

|hiÍ(C≠1)ijÈej |CR]

ÈÏL|ÏRÍ =
ÿ

ij

ÈÏL|CRi](H≠1)ij [CLj |ÏRÍ

Cp(M, LÊ) – cp =
ÿ

i

�i
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[Mastrolia,Mizera (2019)]
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globally well defined are l≠1, l0 and l1. Equivalent considerations are valid for barred quantities.
These three generators span an algebra isomorphic to sl(2,C) and they generate the finite trans-
formations:

l≠1 : z æ z + – Translation
l0 : z æ ⁄z Scaling

l1 : z æ
z

1≠—z SCT

rotations on the z-plane are generated by the linear combination i(l0 ≠ l̄0), while dilations by
scaling in both z and z̄, i.e. l0 + l̄0. This transformations can be rearranged in a single expression:

z ≠æ f(z) = az + b

cz + d
(A.21)

where a, b, c, d œ C such that ad ≠ bc = 1.This group, know as restricted conformal group is the
projective special linear group PSL(2,C) = SL(2,C)/Z2 ≥ SO(3, 1), where Z2 fixes the freedom
to change the sign to all parameters leaving the transformation invariant.

Let Èei|, |hiÍ, [CLi|, |CRi] be basis for (co-homology spaces). Intersection matrices are defined as:

Cij © Èei|hjÍ Hij = [CLi|CRj ]. (A.22)

The identity operator can be written as:
ÿ

ij

|hiÍ(C≠1)ijÈej | = 1c

ÿ

ij

|CRi](H≠1)ij [CLj | = 1h

ÈÏL|CR] =
ÿ

ij

|hiÍ(C≠1)ijÈej |CR]

ÈÏL|ÏRÍ =
ÿ

ij

ÈÏL|CRi](H≠1)ij [CLj |ÏRÍ

Cp(M, LÊ) – cp =
ÿ

i

�i
p ¢ LÊ

Hp(M, LÊ) ©
Ker ˆÊ

ImˆÊ
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Calculating commutators among them, we find the algebra:

[lm, ln] = (m ≠ n)lm+n
#
lm, ln

$
= (m ≠ n)lm+n

#
ln, lm

$
= 0.

(A.20)

We first notice the conformal group in two dimensions is infinite dimensional and its algebra
consists in the direct sum of two identical copies, known as Witt algebra. An other important
feature to be notice, unique of the bidimensional case and more suitable to be detected, is that
not all generators are globally well defined: if we imposed ‘ analyticity in 0 and infinity we find
that only ‘n for n = ≠1, 0, 1 are allowed to be not null, and consequently the only generators
globally well defined are l≠1, l0 and l1. Equivalent considerations are valid for barred quantities.
These three generators span an algebra isomorphic to sl(2,C) and they generate the finite trans-
formations:

l≠1 : z æ z + – Translation
l0 : z æ ⁄z Scaling

l1 : z æ
z

1≠—z SCT

rotations on the z-plane are generated by the linear combination i(l0 ≠ l̄0), while dilations by
scaling in both z and z̄, i.e. l0 + l̄0. This transformations can be rearranged in a single expression:

z ≠æ f(z) = az + b

cz + d
(A.21)

where a, b, c, d œ C such that ad ≠ bc = 1.This group, know as restricted conformal group is the
projective special linear group PSL(2,C) = SL(2,C)/Z2 ≥ SO(3, 1), where Z2 fixes the freedom
to change the sign to all parameters leaving the transformation invariant.

Let Èei|, |hiÍ, [CLi|, |CRi] be basis for (co-homology spaces). Intersection matrices are defined as:

Cij © Èei|hjÍ Hij = [CLi|CRj ]. (A.22)

The identity operator can be written as:
ÿ

ij

|hiÍ(C≠1)ijÈej | = 1c

ÿ

ij

|CRi](H≠1)ij [CLj | = 1h

ÈÏL|CR] =
ÿ

ij

|hiÍ(C≠1)ijÈej |CR]

ÈÏL|ÏRÍ =
ÿ

ij

ÈÏL|CRi](H≠1)ij [CLj |ÏRÍ

Cp(M, LÊ) – cp =
ÿ

i

�i
p ¢ LÊ

Hp(M, LÊ) ©
Ker ˆÊ

ImˆÊ

[Cho, Matsumoto (1995)]

[Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera, (2019-20)]

See for review [Cacciatori, Conti, Trevisan (2021)]
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Linear relations:  a vector space of Feynman Integrals

Intersection numbers 


I =
d

∑
i=1

ci Mi Master integrals 

Intersection numbers control relations among Scattering Amplitudes

[Frellesvig, Gasparotto, Mandal, Mastrolia, Matiazzi, Mizera, 2019]  

Any Feynman integral can be decomposed into a finite set of Master integrals

The number of Master integral depends on the integration domain topology

The coefficient of the expansion are intersection number.

d = d(χ)
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String Amplitude

The n string amplitude is defined as:  

++

© ©© © © ©+ +

+ …

+ …
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Why String Amplitude

String Amplitudes   QFT Amplitudes

α′￼→ 0
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String tree level Amplitudes

1

2

3 4

5

6
1

2

3

4

56

Where    and  is a rational function depending on the state polarization


For tachyons   

zij = zi − zj F(z)

F(z) = 1
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Conformal Killing group

String tree level Amplitudes
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Koba-Nielsen factor

String tree level Amplitudes
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Defining a twist

A.1. CONFORMAL SYMMETRY 121

ˆÊ�(Ê) = 0

d(u�Ï) = du� · Ï + u�dÏ = u�

3
dÏ + du�

u� · Ï

4
= u� (dÏ + Ê · Ï)

⁄

ˆ�k+1

Ï =
⁄

�k+1

dÏ

⁄

�k

Ï =
⁄

�k

Ï + ⁄, d⁄ = 0

⁄

�k

Ï =
⁄

�k+�̃k

Ï, ˆ�̃k = 0

Hk(M, ÒÊ) ◊ Hk(M, L
‚
Ê) æ C ÈÏL|CR] =

⁄

CR

uÏL

Hk(M, Ò≠Ê) ◊ Hk(M, LÊ) æ C [CL|ÏRÍ =
⁄

CL

u≠1ÏR

Let Ï(z) = F (z)
r

dzi and Ï(z) = F (z̄)
r

dz̄i. And let u =
r

i<j=1 |zij |
–kikj .

Choose L
‚
Ê = LÊ̄.

Then the n closed strings tree level amplitude can be written as:

A
closed
n =

⁄
|u(z)|2Ï(z)Ï(z) = ÈÏ(z)|Ï(z̄)Í (A.23)

And the n open strings tree level amplitude as:

A
open
n (‡) =

⁄

�(‡)
u(z)Ï(z) = ÈÏ(z)|�‡] (A.24)

È1|�— ] =
ÿ

–‡

È1|PT (–)ÍC≠1
–‡ ÈPT (‡)|�— ]

Cocycle-Cocycle pairing 

Cycle-Cocycle pairing 

Cocycle-Cocycle pairing 
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ˆÊ�(Ê) = 0

d(u�Ï) = du� · Ï + u�dÏ = u�

3
dÏ + du�

u� · Ï

4
= u� (dÏ + Ê · Ï)

⁄

ˆ�k+1

Ï =
⁄

�k+1

dÏ

⁄

�k

Ï =
⁄

�k

Ï + ⁄, d⁄ = 0

⁄

�k

Ï =
⁄

�k+�̃k

Ï, ˆ�̃k = 0

Hk(M, ÒÊ) ◊ Hk(M, L
‚
Ê) æ C ÈÏL|CR] =

⁄

CR

uÏL

Hk(M, Ò≠Ê) ◊ Hk(M, LÊ) æ C [CL|ÏRÍ =
⁄

CL

u≠1ÏR

Let Ï(z) = F (z)
r

dzi and Ï(z) = F (z̄)
r

dz̄i. And let u =
r

i<j=1 |zij |
–kikj .

Choose L
‚
Ê = LÊ̄.

Then the n closed strings tree level amplitude can be written as:

A
closed
n =

⁄
|u(z)|2Ï(z)Ï(z) = ÈÏ(z)|Ï(z̄)Í (A.23)

And the n open strings tree level amplitude as:

A
open
n (‡) =

⁄

�(‡)
u(z)Ï(z) = ÈÏ(z)|�‡] (A.24)

È1|�— ] =
ÿ

–‡

È1|PT (–)ÍC≠1
–‡ ÈPT (‡)|�— ]

The tree level n closed string amplitude can be written as 

The tree level n open string amplitude can be written as 

[Mizera, 2017]  

φ(z) = F(z)Πdzi φ(z) = F(z)Πdzi u = Πi<j=1 |zij |
αkikj ℒ∨

ω = ℒω

Let
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Homology of the n-puncture sphere

104 CHAPTER 5. STRING AMPLITUDES AND INTERSECTION THEORY

and KLT relation then becomes:

A
closed(k1, k2, k3, k4) = ≠2iAopen(k1, k2, k3, k4)

3
1

tanh fi–Õk1k4
+ 1

tanh fik2k4

4≠1
A

open(k1, k2, k3, k4).

(5.9)

Picking up any another pair of twisted cycles as bases for the twisted cohomologies groups, one
finds di�erent decompositions of the closed string amplitude in terms of di�erent partial open
amplitude. For instance, the result found by Kawai and Lewellen in [31], corresponds to the
choice �– = �1234 and

�– © �1324 = (1, Œ) ¢ u, (5.10)

in fact

[�1234|�1324] = i

2
1

sin (fik1k3) , (5.11)

and then

A
closed(k1, k2, k3, k4) = ≠2i sin (fik1k3)Aopen(k1, k2, k3, k4)Aopen(k1, k3, k2, k4). (5.12)

In order to discuss n Ø 5 scattering amplitude, we first need to study how to compute intersection
numbers for higher dimensional cycles.

5.2 (Co)Homology of the punctured sphere Moduli space
Because of the vanishing theorem 2.1 the only untrivial homology and cohomology groups
Hk(M0,n) and Hk(M0,n) are the ones for k = dim (M0,n) = n ≠ 3. Their dimension can
be related to the Euler characteristic of M0,n by

‹ = dim Hn≠3(M0,n) = dim Hn≠3(M0,n) = (≠1)3≠n‰(M0,n); (5.13)

the Euler characteristic of the n punctured sphere Moduli space is known to be

‰(M0,n = (≠1)n≠3(n ≠ 3)!, (5.14)

therefore one simply finds

‹ = (n ≠ 3)!. (5.15)

After fixing the position of three punctures2 to (z1, zn≠1, zn) = (0, 1, Œ), regions of integration
of open strings tree amplitudes are (n ≠ 3)- simplices labelled by a permutation — œ Sn:

2
In the previous chapter we fixed (z1, z2, z3), we made here a di�erent choice to adopt the same convention

used in literature.
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�(—) © {0 < z—(2) < z—(3).... < z—(n≠2) < 1}. (5.16)

We then define twisted cycle on M0,n, labelled by a permutation —, by

�— © �(—) ¢ SL— [u(z)], (5.17)

where the branch

SL— [u(z)] =
Ÿ

i<j

(z—(j) ≠ z—(i))–Õk—(j)k—(i) (5.18)

is chosen according the so called standard loading. Because only (n ≠ 3)! twisted cycles are
independent we can choose a basis to be the set

{�(—)|— = (1‡(2, 3...n ≠ 2), n ≠ 1, n)}, with ‡ œ Sn≠3. (5.19)

Twisted cohomology Hn≠3 also is (n ≠ 3)! dimensional, a convenient basis for this space is given
by the so called Parke-Taylor forms[43]:

PT (—) =
wn

k=4 dzn

z—(2)(z—(2) ≠ z—(3))...(z—(n≠2) ≠ 1) , (5.20)

where — = (1, ‡(2, 3...n ≠ 2), n ≠ 1, n), with ‡ œ Sn≠3. For instance for n = 5 we have

PT (12345) = dz2 · dz3
z2(z2 ≠ z3)(z3 ≠ 1) ,

PT (13245) = dz2 · dz3
z3(z3 ≠ z2)(z2 ≠ 1) .

(5.21)

It can be shown Parke-Taylor forms can be written as a logarithmic form. Of course, one can
obtain a basis for the twisted cohomology picking up any (n ≠ 3)! Parke-Taylor forms, labelled
by di�erent permutations, as well as a basis for the twisted homology choosing (n ≠ 3)! twisted
cycles corresponding to di�erent permutaions.

5.3 Higher dimensional intersection number for cycles
As pointed out in section 2.5 the computation of higher dimensional twisted cycles is a quite
involving topic of algebraic geometry, because one has to take into account contributions due to
all intersection of lower dimensions. Actually, in the specific case of a Koba-Nielsen twist in the
Moduli space of the puncture sphere, it is possible to compute them by a diagrammatic method.
Consider a twist having the form

u =
Ÿ

(zi ≠ zj)sij , (5.22)

The dimension of the (n-3)-(co)homology is:   

Cycles are defined as 

Intersection numbers among twisted cycles is 
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where sij = –Õkikj .
Suppose we want to compute the intersection number between n≠ distinct and intersecting

cycles �(–) and �(—), with – ”= — œ Sn+3. In [39], Mizera shows it can be written as

[�(–)|�(—)] =
3

i

2

4n≠3
m(–|—), (5.23)

where m(–|—), known as bi-adjont scalar, is precisely the quantity we are going to compute
digrammatically by means of the method proposed by Cachazo, He and Yuan in [41].

• Draw points on the boundary of a disk according to the ordering expressed by the per-
mutation –, then connect points by segments in the order expressed by the permutation
—. The polygon chain constructed in this way self-intersects in k points (internal vertices),
identifying n ≠ k polygons with at least one of the vertices on the boundary;

• Draw a dual diagram where each polygon is mapped into a bubble and each vertex to a
line. Boundary vertices become external legs coming in to a bubble and internal vertices
become legs connecting bubbles. Label each bubble with l legs ‹1, ‹2, ..‹l by (‹1, ‹2..‹l≠1);

• To each bubble (‹1, ‹2, .., ‹l≠1) associate the self-intersection number of the l ≠ 3 cycle
�(‹1, ‹2, .., ‹l≠1). Notice that l is at most equal to n ≠ 1, then the sub intersecting cycles
are granted to be less dimensional then the original ones. For l = 3, one just has the self
intersection of a point, trivially equal to one and for l = 4, self-intersection between 1≠

cycles is given by (2.86). For l > 4 we will see later on how to compute it;

• To each internal leg connecting the bubbles (‹1, ‹2, .., ‹l≠1) and µ1, µ2, ..µlÕ≠1 associate the
propagator

1
sin fis‹1,‹2,..‹l≠1

= 1
sin fisµ1,µ2,..µlÕ≠1

(5.24)

• Compute the overall sing of the diagram by

(≠1)w(–|—)+1, (5.25)

where w(–|—) is the winding number, digrammatically computed by the rule depicted in 5.2:
dispose points on a circle according to the orientation expressed by – and draw consecutive
arcs according to the orientation given by —; the number of completed cycles is precisely
the winding number.

Finally, if drawing the diagram, the polygon chain selfintersects such that a closed loop (orange
region in figure 5.3) is enclosed, then the intersection vanishes

Consider now some example;

Example 5.1. Consider the 2≠ cycle intersection:

[�(12345)|�(13425)] = ≠
1
4m(12345|13425)]. (5.26)

[Cachazo,He,Yuan(2014)]
[Mizera (2017)]

Where  can be diagrammatically computedm(α |β)
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Diagrammatic rule for higher order twisted cycle intersection

[Cachazo,He,Yuan(2014)]
[Mizera (2017)]

m(α |β) = m(12345 |13425)

Draw points along a circle according to α
 and connect them according to β

Draw a dual diagram

Attach to each internal leg a propagator  1
sin πsij..

withsij.. = α′￼∑ kikj

Each bubble with n legs corresponds to a n-3 selfintersection

The sign is (−1)w(α|β)+1

m(12345 |13425) =
1

sin πs15

1
sin πs34
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[Cachazo,He,Yuan(2014)]
[Mizera (2017)]

m(α |β)

Draw all possible diagrams

Attach to each internal leg a propagator  1
tan πsij..

with n-2,n-4...bubbles

One bubble diagrams give a contributes of 1,1,2,5...

Diagrammatic rule for higher order twisted cycle intersection
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Diagrammatic rule for higher order twisted cycle intersection

5.4. FIVE TACHYON AMPLITUDE 109

1
2

3

46
5

n
1

2

3

46
5

n

+ +

1
2

3

46
5

n

n ≠ 2

1
2

3

46
5

n

+

n ≠ 4

+...

Figure 5.6: Diagrammatic rule for n≠ cycles self-intersection.

1

23

4 1

23

4

+

1

23

4

Figure 5.7: Diagrammatic rule for 1 cycles self-intersection.

Example 5.4. Consider now the 2≠cycle �(12345) we have

[�(12345)|�(12345)] = ≠
1
4

3
1

tan fis12

1
tan fis45

4
+

3
1

tan fis23

1
tan fis45

4
+

3
1

tan fis15

1
tan fis23

4
+

+
3

1
tan fis15

1
tan fis34

4
+

3
1

tan fis12

1
tan fis34

4
+ 1,

(5.33)

where, for an easier visualization, each square bracket contains the contribute of each diagram
listened in the same order.

5.4 Five Tachyon Amplitude
We finally have all tools needed to explicitly compute a KLT decomposition for five closed string
amplitude. For notation clarity we will consider tachyon scattering, keeping in mind that for
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Again, green and orange bubbles represent trivial amplitudes, while the blue one (123) now is the
self intersection of the 1≠ cycle �(123). Internal lines are related to momenta s45 and s456, with
si1i2..in = –Õ q

1<i1<..<in
ki1kin :

m(123456|123645) = 1
sin fis45

1
sin fis456

m(123(456)|123(456))m(123|123) (5.29)

The winding number turns to be w(123456|1236456) = 2, then one has:

[�(123456)|�(123645)] = i

8
1

sin fis45 sin fis456

3
1

tan fis12
+ 1

tan fis23

4
(5.30)

1

2

34

6

5

1

2

34

6

5

Figure 5.5: Diagrammatic rule for a 3≠ cycles intersection.

Let now consider the self-intersection of an n cycles. In this case, as shown in figure 5.6, the
diagrammatic prescription consists in drawing all possible diagrams involving amplitudes between
n ≠ 2 cycles, n ≠ 4, and so on, preserving permutation orientation (only adjacent legs income in
the same bubble and no legs intersect).

now, the contribute of the n ≠ vertex diagram (the first) appearing only for odd n, is just
a constant, that turn to be equal to 1, 1, 2, 5 for the first four odd numbers. Then, in each
subdiagram, associate to each internal line attached to a bubble ‹1‹2, ..‹l the propagator

1
tan fis‹1‹2,..‹l

. (5.31)

Finally notice that the winding number is always one, then no overall sign must be added.
Consider some example.

Example 5.3. The diagrammatic representation of the 1≠ cycle �(1234) self-intersection is:

Then we have

[�(1234)|�(1234)] = i

2

3
1

tan fis12
+ 1

tan fis23

4
, (5.32)

the same result, of course, we obtained in (2.86).

m(1234 |1234) =

m(123 |123) =
23 23

= 1

[Cachazo,He,Yuan(2014)]
[Mizera (2017)]
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Kawai-Lewellen-Tye relations 
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A
closed(k1, k2, k3) ≥ |z12|

2
|z13|

2
|z23|

2
3Ÿ

i<j=1
|zij |

2kikj F (zij , Á, k)F (z̄ij , Á̄, k) =

=

Q

a|z12||z13||z23|

3Ÿ

i<j=1
(zij)kikj F (zij , Á, k)

R

b

Q

a|z12||z13||z23|

3Ÿ

i<j=1
(z̄ij)kikj F (z̄ij , Á̄, k)

R

b =

≥ A
open(k1, k2, k3)Āopen(k1, k2, k3).

(5.1)

We therefore see that tree amplitude of three closed strings can be decomposed into two tree
amplitudes of open strings.

In order to see the connection between KLT and twisted Riemann period relations, a suitable
choice for the dual system is required: in section 2.2.2 we chose the dual local system to be the
one associated to u≠1

L
‚
Ê = L≠Ê, and that is actually the most convenient choice in the majority

of cases, however this is not the case; for our purpose here it is appropriate to choose the local
system related to the complex conjugate ū: L

‚
Ê = LÊ̄. Consider the bilinear non degenerate

pairing

Hn(M, LÊ) ◊ Hn
c (M, LÊ̄) æ C, (5.2)

for ÈÏ| œ Hn(M, LÊ) and |Ï̄Í œ Hn(M, LÊ̄) their intersection number (see [38]) is given by:

ÈÏ|Ï̄Í =
⁄

|u|
2regc(Ï) · Ï̄, (5.3)

where regc is the regularization map introduced in (2.91). Although we are not going to use it
here, its useful to point out that, with this choice of the dual local system, also the intersection
number between cycles carries a |u|

2 extra factor, coming from monodromy factors.
Let Ï(z) = F (z)

r
dzi and Ï(z̄) = F (z̄)

r
dz̄i and select the modulus of Koba Nielsen factor

as1 twist, then the closed string amplitude may be interpreted as the intersection number:

A
closed
n =

⁄
|u(z)|2Ï(z)Ï(z̄) = ÈÏ(z)|Ï(z̄)Í (5.4)

now, let {�–} = {�(–) ¢ u} be a basis for Hn(M0,n, LÊ) and {�–} = {�(–) ¢ ū} a basis for
Hn(M0,n, LÊ̄), then applying twisted Riemann relations (2.51), one has:

ÈÏ(z)|Ï(z̄)Í =
ÿ

–—

ÈÏ(z)|�–](H≠1)–— [�— |Ï(z̄)Í =
ÿ

–—

A⁄

�(–)
u(z)Ï(z)

B
(H≠1)–—

A⁄

�(—)
ū(z)Ï(z̄)

B
.

(5.5)

Now, in order to recognize partial open string amplitudes in the lhs one has to suitably choose
�(–) and �(–). Consider the simplest case of M0,4, shown in figure 5.1. As we saw the

1
The phase factor appearing in [31] is hidden in this definition, we have choosen it in such a way that vertex

operator positions lie on the real section of the sphere.

Kawai-Lewellen-Tye (KLT) relations encode open/closed string duality:


  


KLT as Twisted Riemann period relations             

[Kawai,Lewellen,Tye (1986)]KLT kernel 
Example: Shapiro-Virasoro and  Veneziano amplitudes
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ˆÊ�(Ê) = 0

d(u�Ï) = du� · Ï + u�dÏ = u�

3
dÏ + du�

u� · Ï

4
= u� (dÏ + Ê · Ï)

⁄

ˆ�k+1

Ï =
⁄

�k+1

dÏ

⁄

�k

Ï =
⁄

�k

Ï + ⁄, d⁄ = 0

⁄

�k

Ï =
⁄

�k+�̃k

Ï, ˆ�̃k = 0

Hk(M, ÒÊ) ◊ Hk(M, L
‚
Ê) æ C ÈÏL|CR] =

⁄

CR

uÏL

Hk(M, Ò≠Ê) ◊ Hk(M, LÊ) æ C [CL|ÏRÍ =
⁄

CL

u≠1ÏR

Let Ï(z) = F (z)
r

dzi and Ï(z) = F (z̄)
r

dz̄i. And let u =
r

i<j=1 |zij |
–kikj .

Choose L
‚
Ê = LÊ̄.

Then the n closed strings tree level amplitude can be written as:

A
closed
n =

⁄
|u(z)|2Ï(z)Ï(z) = ÈÏ(z)|Ï(z̄)Í (A.23)

And the n open strings tree level amplitude as:

A
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Figure 5.8: Diagrammatic rule for 1 cycles self-intersection.

excited states the only di�erence lies in the function F , containing polarizations contributions,
that plays no important role here. We have

A
closed
5 =

⁄
|z2|

2–Õk1k2 |z3|
2–Õk1k3 |z2 ≠ 1|

2–Õk2k4 |z3 ≠ 1|
2–Õk3k4 |z2 ≠ z3|

2–Õk2k3dz2 · dz3 =

=
⁄

|u(z2, z3)|2dz2 · dz3 = È1|1Í.
, (5.34)

equation (5.5) becomes

È1|1Í =
ÿ

–—

È1|�(–)]H≠1
–— [�(—)|1Í, (5.35)

Consider the basis for H2(M0,5) given by �(12345) and �(13245), and for its dual given by
�(21435) and �(31425), using the diagrammatic approach developed in previous section we can
easily compute the intersection matrix H–—
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excited states the only di�erence lies in the function F , containing polarizations contributions,
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Consider the basis for H2(M0,5) given by �(12345) and �(13245), and for its dual given by
�(21435) and �(31425), using the diagrammatic approach developed in previous section we can
easily compute the intersection matrix H–—
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3
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4
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3
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0 1
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excited states the only di�erence lies in the function F , containing polarizations contributions,
that plays no important role here. We have
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=
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|u(z2, z3)|2dz2 · dz3 = È1|1Í.
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equation (5.5) becomes
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Consider the basis for H2(M0,5) given by �(12345) and �(13245), and for its dual given by
�(21435) and �(31425), using the diagrammatic approach developed in previous section we can
easily compute the intersection matrix H–—
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excited states the only di�erence lies in the function F , containing polarizations contributions,
that plays no important role here. We have
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5 =
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2–Õk1k2 |z3|
2–Õk1k3 |z2 ≠ 1|

2–Õk2k4 |z3 ≠ 1|
2–Õk3k4 |z2 ≠ z3|
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=
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, (5.34)

equation (5.5) becomes

È1|1Í =
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È1|�(–)]H≠1
–— [�(—)|1Í, (5.35)

Consider the basis for H2(M0,5) given by �(12345) and �(13245), and for its dual given by
�(21435) and �(31425), using the diagrammatic approach developed in previous section we can
easily compute the intersection matrix H–—

[A modern approach to String Amplitudes and Intersection theory (M. Thesis)]
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Five open tachyons Master Integral decomposition 
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in fully agreement, up to normalization, with the original KLT result (eq.(3.26). [31]).

Expression 5.38 implies that the computation of a closed string scattering reduces to the evalu-
ation of proper open partial amplitudes. Consider then the open amplitude

A
open
5 =

ÿ

—

A
open
5 (—) =

ÿ

—

⁄

�(—)
z–Õk1k2

2 z–Õk1k3
3 (z2 ≠ 1)–Õk2k4(z3 ≠ 1)–Õk3k4(z2 ≠ z3)–Õk2k3dz2 · dz3

=
ÿ

—

⁄

�(—)
u(z2, z3)dz2 · dz3 =

ÿ

—

È1|�(—) ¢ u].

(5.39)

applying the master decomposition formula we can write

È1|�— ] =
ÿ

–

È1|PT (–)ÍC≠1
–— ÈPT (—)|�— ]. (5.40)

where the PT basis of H2
Ê is given by (5.21):

PT (12345) = dz2 · dz3
z2(z2 ≠ z3)(z3 ≠ 1) ,

PT (13245) = dz2 · dz3
z3(z3 ≠ z2)(z2 ≠ 1) .

(5.41)

The first intersection number appearing in (5.40), representing the projection into the PT basis,
involves the non logarithmic form È1|; it can therefore be computed by the recursive algorithm
discussed in 2.6.1. Setting, for shorthand notation, –1 = –Õk1k2, –2 = –Õk1k3, –3 = –Õk2k4,
–4 = –Õk3k5 and –5 = –Õk2k3, we obtained:

È1|PT (12345)Í = N1(–i)
D(–i)

,

È1|PT (13245)Í = N2(–i)
D(–i)

,

(5.42)

with

N1(–i) = –2
2 + (–3 + –4 + 2–5 + 2) –2 + (–3 + –5 + 1) (–3 + –4 + –5 + 1) + –1 (–2 + –3 + –4 + –5 + 1) ,

N2(–i) = –2
1 + (–2 + –3 + –4 + 2–5 + 2) –1 + (–2 + –4 + –5 + 1) (–3 + –4 + –5 + 1) ,

D(–i) = (–1 + –3 + –5 + 1) (–2 + –4 + –5 + 1) (–1 + –2 + –3 + –4 + –5 + 1) (–1 + –2 + –3 + –4 + –5 + 2) .
(5.43)

The intersection matrix

Master decomposition into Parke-Taylor basis reads:
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ˆÊ�(Ê) = 0

d(u�Ï) = du� · Ï + u�dÏ = u�

3
dÏ + du�

u� · Ï

4
= u� (dÏ + Ê · Ï)

⁄

ˆ�k+1

Ï =
⁄

�k+1

dÏ

⁄

�k

Ï =
⁄

�k

Ï + ⁄, d⁄ = 0

⁄

�k

Ï =
⁄

�k+�̃k

Ï, ˆ�̃k = 0

Hk(M, ÒÊ) ◊ Hk(M, L
‚
Ê) æ C ÈÏL|CR] =

⁄

CR

uÏL

Hk(M, Ò≠Ê) ◊ Hk(M, LÊ) æ C [CL|ÏRÍ =
⁄

CL

u≠1ÏR

Let Ï(z) = F (z)
r

dzi and Ï(z) = F (z̄)
r

dz̄i. And let u =
r

i<j=1 |zij |
–kikj .

Choose L
‚
Ê = LÊ̄.

Then the n closed strings tree level amplitude can be written as:

A
closed
n =

⁄
|u(z)|2Ï(z)Ï(z) = ÈÏ(z)|Ï(z̄)Í (A.23)

And the n open strings tree level amplitude as:

A
open
n (‡) =

⁄

�(‡)
u(z)Ï(z) = ÈÏ(z)|�‡] (A.24)

È1|�— ] =
ÿ

–‡

È1|PT (–)ÍC≠1
–‡ ÈPT (‡)|�— ]
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È1|�‡] =
3

N1Ñ11

DD̃11
+ N2Ñ12

DD̃12

4
ÈPT (12345)|�‡] +

3
N1Ñ12

DD̃12
+ N2Ñ22

DD̃22

4
ÈPT (13245)|�‡] =

© �1ÈPT (12345)|�‡] + �2ÈPT (13245)|�‡].
(5.49)

Then, for instance

A
open
5 (12345) =

⁄ 1

0

⁄ 1

0
z–1

2 z–2
3 (z2 ≠ 1)–3(z3 ≠ 1)–4(z2 ≠ z3)–5dz2 · dz3 =

�1

⁄ 1

0

⁄ 1

0
z–1≠1

2 z–2
3 (z2 ≠ 1)–3(z3 ≠ 1)–4≠1(z2 ≠ z3)–5≠1dz2 · dz3+

+ �2

⁄ 1

0

⁄ 1

0
z–1

2 z–2≠1
3 (z2 ≠ 1)–3≠1(z3 ≠ 1)–4(z2 ≠ z3)–5≠1dz2 · dz3

(5.50)

The validity of the previous decomposition has been analytically check in the case of equal
exponents, (–i = —), in the case of only two di�erent exponents (–i1,i2,i3 = —1 and –i4,i5 = —2)
and in the case of three di�erent exponents (–i1,i2 = —1, –i3,i4 = —2 and –i5 = —3). For the
general case, due to the size of the expression, we checked it numerically for fixed values of
exponents. Notice for excited state the master decomposition has the same structure of (5.49),
with the only di�erence lying in the coe�cients �i, receiving contributions from the projections
ÈF (z)|PT (–)Í.

For instance:
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C–— =
3

ÈPT (12345)|PT (12345)Í ÈPT (12345)|PT (12345)Í
ÈPT (13245)|PT (12345)Í ÈPT (13245)|PT (13245)Í

4
, (5.44)

can be also computed by the simplified formula for logarithmic forms 2.125; we computed it with
both methods and we numerically verified they agree. The final result is3:

ÈPT (12345)|PT (12345)Í = N11(–i)
D11(–i)

,

ÈPT (13245)|PT (13245)Í = N22(–i)
D22(–i)

,

ÈPT (12345)|PT (13245)Í = N12(–i)
D12

,

(5.45)

where

N11 = (–4 + –5) –2
1 + (–4 + –5) (–2 + –3 + –4 + 2–5) –1 + –5 (–2 + –4 + –5) (–3 + –4 + –5) ,

D11 = –1–4–5 (–1 + –2 + –5) (–3 + –4 + –5) ,

N22 = –1–2 (–3 + –5) + (–2 + –5) (–2 + –3 + –4 + –5) (–3 + –5) + –1–5 (–3 + –4 + –5) ,

D22 = –2–3–5 (–1 + –2 + –5) (–3 + –4 + –5) ,

N12 = ≠ (–1 + –2 + –3 + –4 + 2–5) ,

D12 = –5(–1 + –2 + –5)(–3 + –4 + –5)
(5.46)

And the inverse intersection matrix is

C≠1
–— =

Q

a
Ñ11(–i)
D̃11(–i)

Ñ12(–i)
D̃12(–i)

Ñ12(–i)
D̃12(–i)

Ñ22(–i)
D̃11(–i)

R

b , (5.47)

where

Ñ11 = –1–4 ((–2 + –5) (–3 + –5) (–2 + –3 + –4 + –5) + –1 (–2 (–3 + –5) + –5 (–3 + –4 + –5))) ,

D̃11 = (–1 + –3 + –5) (–2 + –4 + –5) (–1 + –2 + –3 + –4 + –5) ,

Ñ22 = –2–3
!
(–4 + –5) –2

1 + (–4 + –5) (–2 + –3 + –4 + 2–5) –1 + –5 (–2 + –4 + –5) (–3 + –4 + –5)
"

,

Ñ12 = –1–2–3–4 (–1 + –2 + –3 + –4 + 2–5) ,

D̃12 = (–1 + –3 + –5) (–2 + –4 + –5) (–1 + –2 + –3 + –4 + –5) .
(5.48)

Notice that all coe�cients we computed should simplify under momentum conservation and
on-shell conditions. The Master integral decomposition (5.40) therefore reads

3
The result showed here is the one obtained by the recursive method
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in fully agreement, up to normalization, with the original KLT result (eq.(3.26). [31]).

Expression 5.38 implies that the computation of a closed string scattering reduces to the evalu-
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È1|�— ] =
ÿ

–

È1|PT (–)ÍC≠1
–— ÈPT (—)|�— ]. (5.40)

where the PT basis of H2
Ê is given by (5.21):

PT (12345) = dz2 · dz3
z2(z2 ≠ z3)(z3 ≠ 1) ,

PT (13245) = dz2 · dz3
z3(z3 ≠ z2)(z2 ≠ 1) .

(5.41)

The first intersection number appearing in (5.40), representing the projection into the PT basis,
involves the non logarithmic form È1|; it can therefore be computed by the recursive algorithm
discussed in 2.6.1. Setting, for shorthand notation, –1 = –Õk1k2, –2 = –Õk1k3, –3 = –Õk2k4,
–4 = –Õk3k5 and –5 = –Õk2k3, we obtained:

È1|PT (12345)Í = N1(–i)
D(–i)

,

È1|PT (13245)Í = N2(–i)
D(–i)

,

(5.42)

with

N1(–i) = –2
2 + (–3 + –4 + 2–5 + 2) –2 + (–3 + –5 + 1) (–3 + –4 + –5 + 1) + –1 (–2 + –3 + –4 + –5 + 1) ,

N2(–i) = –2
1 + (–2 + –3 + –4 + 2–5 + 2) –1 + (–2 + –4 + –5 + 1) (–3 + –4 + –5 + 1) ,

D(–i) = (–1 + –3 + –5 + 1) (–2 + –4 + –5 + 1) (–1 + –2 + –3 + –4 + –5 + 1) (–1 + –2 + –3 + –4 + –5 + 2) .
(5.43)

The intersection matrix

Parke-Taylor forms

[A modern approach to String Amplitudes and Intersection theory (M. Thesis)]
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Future goal: 


• Investigation of duality relations at higher order and in superstrings;

• Beyond Twisted De Rham Theory (Hodge structure, Stratifold, Supermoduli space);

• The role of boundaries in QFT and ST (Instantons, Cobordism and Distance Conjecture).
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Thank you 


