Intersection Theory and String Amplitudes

Anthony Massidda

Padova 26/05/2023

Phd Student at Uninsubria (Como, IT)

amassidda@uninsubria.it ~ UNIVERSITA DEGLI STUDI
anthony.massidda@mi.infn.it DELL’INSUBRIA

Z
S
&
\~t>



mailto:amassidda@uninsubria.it

Introduction

The main task: study of scattering amplitudes structure and new methods for their
interpretation and evaluation by means of a modern mathematical
theory: Intersection Theory.
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Scattering Amplitudes

Scattering amplitudes encode crucial information about particle collision, that, at the moment, g f‘\‘:A"'.f "
represents the most efficient tool to investigate matter constituents and forces of Nature. PERE
Scattering Amplitudes are complex numbers related to the transition probability from a given
asymptotic incoming state configuration and a given outgoing one.

Feynman rules

Lagrangian
Integral representation of the Amplitude
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A multidisciplinary area

QFT Amplitudes

[Mastrolia, Mizera 2018]
Padova group 2019/22

—

1=J (P _ Topology, Algebra, Differential Geometry,
c Intersection theory Number theory
[Aomoto, Cho, Matsumoto, Kita, Yoshida]
String Amplitudes Cosmology Machine learning, Topological

[Mizera 2016/17] computing

Condensed
matter

Correlation functions evaluation is necessary to
interpret CMB fluctuations and obtain information
about early universe.

Correlation functions give us information about phase
transitions




The starting point: Stokes’ Theorem

Gauss’ law

The closed surface surrounding a charge

is the boundary of a 3 dimensional
Manifold.

| (Q Ampere’s law

The closed curve surrounding a wire is
actually a (1+1) dimensional surface

:l around the charge, the boundary of a
(2+1) dimensional Manifold




From stokes’ theorem to De Rham Cohomology

Let @ € QF be a k-form and A Cl K1 g (k+1)-simplex

A is a closed form

P, aAk =0 Ak is a closed contour
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Introduction

Multivalued function

J u(pEJ UAQ w =dloguy,
A Qu A
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|
du,
=udp+wA@p)=u,V, @ OBk B B OBkt

UNY = [ d(upp)
A

Apei k41 ' Twisted Stokes’ Theorem

[Aomoto,Kita,Yoshida,Cho,Matsumoto... ]



Seqguences
Given a set {G,(X)} of algebraic objects (groups) defined on X and a set of morphisms {A 1 G, — G,_,},

we call a sequence on X the structure:

: . Apti A, Api A AW
MGP,AP). 0—->6,-6G,_; = ... > Gy—0
" L *** I
Similarly, the dual sequence is defined as
AP AP | A Al o A°
(GP, AP) - 0 « GP <GP « ...« G« 0

If {Gp(X)} are abelian groups on a topological space X the sequence is called Chain Complex and

group homomorphisms are called Boundary Operators.




Homology and Cohomology Groups

If the image of one morphism equals the kernel of the next, the sequence is said to be exact

ImlA,)| = Ker[A,_]

If the sequence is not exact is useful to define the groups:

The n-th homology group 4 Ker[AP]
HP(X) — —

The n-th Cohomology group

They describe how images are included in kernels



Simplicial Homology: p-chains

A standard p-simplex is a planar p dimensional subset of |

— { iaiei\Zai= l,aiZO}
~ \i=0

Order p-simplex (fixed vertices) A, = (012...p)



Simplicial Homology: the boundary operator

Consider the face map: 6;;(()12..i. p)=(012..i..p)

Boundary Operator 0,:C, - C,_;

Example: 0,(012) = (12) —(02) + (01) = (12) + (20) + (01)

A p-chain having no boundary is called p-cycle.




Simplicial (Co)Homology groups

The chain complex of chain groups with the boundary operators define the sequence

0 0 d,_ 0 0
p+1 p p—1 1 0
0—->C—-C_—> ... (-0
p-th simplicial homology group
Defining

Hom|C,,K] = Hom(C,, K)
Homl — .
om| | Hom|o,, k] = 6, : Hom(C,_,, K) - Hom(C,, K)

5p+1 5p—1 51 5O
The dual sequence () HOm(C , K) <— Hom(C,_y,k) < ... < Hom((y, K) < 0

; Ker[5 ]
p-th simplicial cohomology group | HP L
Slmpl Im[ 1]




Cellular homology: CW complexes

A closed k-cell e¥ is a space homeomorphic to the ball B¥ = {x € R*: |x| < 1}

A CW complex X is a topological space obtained from a 0-cell (point) by gluing k-cells via an attaching map

_ — _ i 2 —

If X is a manifold its handlebody decomposition is a CW complex

The n-Sphere
S"=eye”




CW Complex

The Torus
T° = eVuel uel Ue?
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Morse Theor

A function f : M — R is said to be a Morse function its critical points p; are non degenerate ( det 6l0jf\p * 0)

Let M,(1) = {p € M| < f(p) < 1)

If [a, b] contains no critical values, then

M (a) = M (D)

If [a, b] contains a critical values ¢; = f(p;) then

M (b) = M (a) U (B™ X B™™*)

T
—
e
N
N~

The integer A is called index of the critical point

| Morse Inequality n,>b,

{ Euler-Poincare ¥y = Z (— 1)’%/1 — Z (— 1)/1[9/1




The fundamental group

Let X&) = ¢ U, e! U, e” be the two skeleton of a CW complex X with one 0-cell.
The fundamental group of X is generated by n generators with m relations:

(X)) =m(XP)={(g,8..8,|r=1rn=1,.r =1)

Circle ”1(51) = 771(60 U 31)<8 |10) =Z

n-Sphere m(S") = (e’ Ue?s,)(0|r=1)=0

Torus ”1(T2) =”1(30U31U61U62) = &1 &Ir=1) =@
Klein Bottle m(K) = (e’ Ue' Uiel ue?) = (g, g, |r = 1) ?)

Projective plane m(RP") = m(ePue' ue®) = (g|r=1) =@




The g-gone construction

Any Riemann surface of genus g can be realized from a planar surface
with 4g edges (4g-gone): a,, ai_l, b, bi_l i=1,..,2)

Where a; and b; are clockwise oriented and ai_l and bi_l
counterclockwise oriented

The fundamental parallelogram gives genus zero surfaces

00 0 0

Sphere Klein bottle Torus




Fundamental groups

Torus m(T7) =m(e®Ue'Ue' Ue”) = (g1.8 181887 '8 = 1) =Z X Z

Klein Bottle m(K) = m (U el U el Ue?) = (gl,gz\glgzglgz‘l =1)=7ZXZ

Projective plane m(RP") = m(e’ Uel Ue?) = (g\g_z =1)=2,




Differential forms

Let M be a differentiable manifold and 7M its tangent bundle.
The cotangent bundle is

I*M . TM — |

Elements of the cotangent bundle are called algebraic one forms, sections of the cotangent bundle are called

differential one forms.

Exterior product

Wi Ay ==y Aw = wydx; A dx,

A k-form (differential) is a smooth section of the k-th external algebra of the cotangent bundle

w,(x) : M — /\(T*M)
k




De Rham Cohomology

Let QP(M) be the group of p-forms of the manifold M, and d : Q?(M) — QPT1(M) the external derivative

05 M) S QM) S .S ar M) Do,

Closgd _f‘omrws‘

—— — - e S = —— —_— e — —_—— —

- Kerld: QP (M) — QP (M)]
De Rham Cohomology = H7n(M) = Im[Ei : Qp—(l (/\)/l) o QPEM} “
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It turns H? ~ HP |, then
dR simpl

Non degenerate pairing: H;impl XH,, — C (w,]c,] = J W,




(Co) Homology with local coefficients: a local system

Let x, y € X be two points of a topological space and ;/)’;y the classes of homotopically inequivalent paths

having extrema in x and y .

Let {G,.} be a set of groups and gb[y;y] : G, = G, a group isomorphism.
The couple & = ({G,}, @) is called a local system if

dlyi) e olyl] = lyi,rl.]
plil =1
Plyi,) = Ply, 1~
plr,l € Aut(Gy)  —  m(X) = Aut(G))

If G, is abelian, then ¢[}/)iy] = ¢p(x,y)

It is a fiber bundle with trivial transition function

[Steenrod, 1943]
[Zein, Snoussi, 2000]



Twisted homology

Consider a multivalued funct:on

H a; € C\Z
The solutions of the differential equation - ~
dP;
Voh = dh —2h =0
T Z @ P.

71=1"\_ J

define Local System
Twisted chains are chains with coefficients in the Local System:

Cp(M, L) 3 ¢p = ZN @ L,

We introduce a Boundary operator:
p

Ou(A @ upa) = Z(—l)j<01--5’---p> X Ui1..5...p)

7=0

[Aomoto,Kita,Yoshida,Cho,Matsumoto,Goto... |



Twisted Cohomology

We analogously introduce k-forms with values in the Local System

OF(M, L) = Q(M.C) ® L,

And a boundary operator
Ve : Q¥ (M, L) = QFTH M, L)

Twisted Cohomology is the cohomology of the sequence

0= QM L) =2 Q1 (M, L) =5 ... = Q"(M, L)) 22 ()

[Aomoto,Kita,Yoshida,Cho,Matsumoto...]



Intersection numbers

Cycle-cocycle pairing

| H(M, Vo) x HY (M, V) = C i

o o ' 2

Cocycle-cocycle pairing orlor) = / reg.(o1) A op. (2) ;;
mmm——

HIF(M, L) X Hil(M, L)) = C 5
Cycle-cycle pairing ”K [CL|CR] = regn(CL) - Cr ® upug. |

_
— — — e — - —_— = = T = e o

oto,Kita,Yoshida,Cho,Matsumoto...]



Intersection numbers: twisted cycles

= - = - @ > -;'7

:— — - y - gos |\ " lo%r e o A =7

. [Mimachi, Yoshida, 2003]

Intersectlon among contours [Cl \ Cz] ¥ Mizers, 2015,

g s = ‘-,:"—: g~ .», o & Ao _posBa g o .», % 4 __am g .o sBa

= - = - = -
- ) _ -

Dlagrammatlcal Technlques

Singularities
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Intersection numbers: twisted co-cycles

e i el P _ e .

[Matsumoto, 1998]

@ W
(Intersectlon alnong forms: <¢1 ‘ ¢2> j} [Padova group 2019/2022]
y

\\a; — ————  — - —— — ——— — — _ [Weinzierl, 202|]

P, = poles of W Z =zerosof w P, = poles of O
* Univariate forms [Cho, Matsumoto (1995)] [Matsumoto (1998)]

1
(prler) = i /M rege(pr) Nor = Z Res,—.;(VjpRr)- With 1) ; (2 ) the local solution of

j
Vut; (Z) — SDL(Z)
* (Multivariate) dlog forms [Mizera (2017)]

(prLler) = /Hdzz wilpLYRr = Z Osw;|~ 'oLR

’LJ

Ak
Zi=2

[Mizera (2019)][Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera, (2019)]

* Multivariate generic forms

(0 )|90((n)) Z ZRS% (¢(n)¢§%))

pe P,




Linear and quadratic relations

Let (e;|, |hi), |CLi|, |Cri| be basis for (co-homology spaces). Intersection matrices are defined as:

Cij = (ei|hj) H;; = [CLi|Crjl-

The identity operator can be written as:

Z i) ( )ijlej| = 1 Z Cril(H™)i;[Cr;l =14,

]

Master decomposition formula (linear) Twisted Riemann period relations (quadratic)
(prlCr] = > (pr|hi)(C71)ij(es|Cr] (oLler) =Y {eLlCril(H")i;[Crsler)
fi N—— Y — \ o - o

[Mastrolia,Mizera (2019)] [Cho, Matsumoto (1995)]

[Frellesvig, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera, (2019-20)]

See for review [Cacciatori, Conti, Trevisan (2021)]



Linear relations: a vector space of Feynman Integrals

d ymess yuene
I = Z ¢; i:M;; —Master integrals

i=1 ‘III a

Any Feynman integral can be decomposed into a finite set of Master integrals

The number of Master integral depends on the integration domain topology

The coefficient of the expansion are intersection number.

‘/,,,

~ Intersection numbers control relations among Scattering Amplitudes

[Frellesvig, Gasparotto, Mandal, Mastrolia, Matiazzi, Mizera, 2019]



Bosonic String Theory

energy

energy

String states

Gravitons \
: j / Tachyons

Worldsheets




String Amplitude

The n string amplitude is defined as:

Ay =

Aclosed




Why String Amplitude
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String tree level Amplitudes

© é;f% O

close Qo open __ ak;k;
.Al d _ M SL(2 C) H 2 H IZ’LJ‘2 ki kyF( )F( ) A pen — /D(lz | SL Hdmz H |£Ew| F
O,n —1 N

1<g=1 1<g=1

Where 7;; = 2, — Z; and F(2) is a rational function depending on the state polarization

For tachyons F(z) = 1




String tree level Amplitudes

>
1 ik e
A%losed :/ dQZZ‘ Zis Zakq;kjF > F > Agpen :/ dﬂ?z T ak; k F
v, 5T @ U7 11 ™" FFE N H H\ j

4 )

Conformal Killing group




String tree level Amplitudes

——] >
1 n n R ) 1 n n o)
A;:Llosed _ / dQZZ' 2 2akzk3F NEF(Z Agpen — / dxz Ixi"a i gF(x)

4 )

Koba-Nielsen factor




Defining a twist

Let

@(z) = F(2)I1dz, @(z) = F(2)11dz, w=1IIi_ |zl

V
akk; L) =L

The tree level n closed string amplitude can be written as

| A%losed ~ / ‘U(Z)Pw(z)gp(z) = <gp(z)‘w<5)> Cocycle-Cocycle pairing

The tree level n open string amplitude can be written as

AP () = / u(z)p(z) = (p(2)|As] Cycle-Cocycle pairing ~ Miners 2017
A(o)




Homology of the n-puncture sphere

The dimension of the (n-3)-(co)homology is:

v=(n—3).

Cycles are defined as

A(B) =10 < zg¢2) < 28(3)---- < Z8(n—2) < 1}. \
l

Intersection numbers among twisted cycles is . .
; n—3 ~1 @ Z3 ;
A@IAE)] = (5)  mlalp 2 /

Where m(a | ) can be diagrammatically computed

[Cachazo,He,Yuan(2014)]
[Mizera (2017)]



Diagrammatic rule for higher order twisted cycle intersection

5 5
m(a|p) = m(12345|13425) 4 4
1 :
Draw points along a circle according to «
and connect them according to g )\ 3
Draw a dual diagram 2 e

1
Attach to each internal leg a propagator — withs; = a’z kik.

|
S1N ﬂSij..

|
12345 |13425) =
Each bubble with n legs corresponds to a n-3 selfintersection m(12345113425) S1N 7815 SIN 7TS34

The sign is (—1)"@/+!

[Cachazo,He,Yuan(2014)]
[Mizera (2017)]



Diagrammatic rule for higher order twisted cycle intersection

m(a|p)

Draw all possible diagrams

with n-2,n-4...bubbles

1

Attach to each internal leg a propagator

tan ﬂ:Sij..

One bubble diagrams give a contributes of 1,1,2,5...

[Cachazo,He,Yuan(2014)]
[Mizera (2017)]



m(123]123) = — =1
3 2 3 2
m(1234]1234) =
tan msq9 tan mwsao3

[A(12345)|A(12345)] = —* + +

4 tan sy, tan 1rs45 tan T8oq tan 7rs45 tan TS5 tan 7r323

1 1 1 1
+ + + 1,
tan s tan mwsyy tan sy, tan sy

Diagrammatic rule for higher order twisted cycle intersection
| i 1 1
A(1234)[A(1234)] = o ( )

[Cachazo,He,Yuan(2014)]
[Mizera (2017)]




Kawali-Lewellen-Tye relations

Kawai-Lewellen-Tye (KLT) relations encode open/closed string duality: Aclosed ( Aopen)Q

533 55

KLT as Twisted Riemann period relations

(p(2)|0() = Y _(e()|AJ(H ™ aslBsle(2) = ) (/A( )U(Z)SO(Z)) (H™ )agp (/ u(Z)@O(Z)) -

)

af af A(B)
\ (5.5)
Example: Shapiro-Virasoro and Veneziano amplitudes
| / | 1 KLT kernel [Kawai,Lewellen,Tye (1986)]
Actosed _ L jopen (1934) ( : ) A%Pen (1234) [Mizera (2017)]

tan W&/klkg tan W(X’klkg




Cellular structure

Aglosed _ / |22‘2a/k1k2‘23|2a/k1k3|22 L 1|2a,k2k4‘23 L 1‘20/163164 2o — 23 2a/k2k3d22 A ng —

= / |u(22,23)\2d2% Adzs = (1]1).

m(12345|31425) = 2: m(13245|21435) =
KLT decomposition reads:

(11) = > (1A()]H 5 [AB)[1),

af m(12345|21435) = . L

i ([A(12345)[A(21435)]  [A(12345)|A(31425)
of = (jA(13245) A(21435)] [A(13245) A(31425)j) ’

And we finally obtained

Agtosed — 4 AZPC" (12345) AZP" (21435) sin(ma’ k1 ko) sin(ma ksky )+

— 4 AP (13245) AP (31425) sin(ma’ k1 k3) sin(ma’ kaky).

[A modern approach to String Amplitudes and Intersection theory (M. Thesis)]



Five open tachyons Master Integral decomposition

open ZAOPen Z/ O‘ "k1 k2 Oé "k1ks (22 B 1)a’k2k4 (23 . 1)a/k3k4 (22 _ Zg)a/ka?’dZQ A dzs
A(B)

== u(z9, 23)dzo N\ dzg = A u).
%:/m (22, 25)d2> A dzs = 3 (1A() ©

B
(5.39)

Master decomposition into Parke-Taylor basis reads:

B n (PT(12345)|PT(12345))  (PT(12345)|PT(12345))
(1Ag] = ) _(1IPT(a))Cop (PT(0)|Ag] Cop = <<PT(13245) PT(12345))  (PT(13245) PT(13245)>>

840

For instance: Parke-Taylor forms
dzo N\ dzs

1,1
As""(12345) _/ / 251237 (29 — 1) (23 — 1)* (29 — 23)%®d2a A dzg = PT(12345) —

2o(z9 — 23)(23 — 1)°
dzo N dzs

23(23 — 29) (29 — 1)

A, / / 11582 (25 — 1) (23 — 1) (22 — 22)* " 'dz2 A dzat PT(13245) =

—|—A2 zo‘lzo‘Q 1 (20 — 1) 71 (25 — 1) (29 — 23)* 1dzo A dzs
2 %3

[A modern approach to String Amplitudes and Intersection theory (M. Thesis)]



Future goal.

* Investigation of duality relations at higher order and in superstrings;
* Beyond Twisted De Rham Theory (Hodge structure, Stratifold, Supermoduli space);
* The role of boundaries in QFT and ST (Instantons, Cobordism and Distance Conjecture).




Thank you




