
1

Asymptotic Hodge Theory for 
Feynman Integrals 

Anthony Massidda 

amassidda@uninsubria.it

Domodossola 17/07/2024


anthony.massidda@mi.infn.it

Work in progress with: Roberta Angius and Sergio L. Cacciatori 

mailto:amassidda@uninsubria.it


2

Outline of the talk

•From multiloop Feynman integrals to periods: Banana integrals and Calabi-Yau 


•Moduli space, singularities and variation of the Hodge structure 


•Asymptotic Hodge theory and Monodromy: the three punctures case


•Conclusions and Outlooks
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Multiloop Feynman integrals
D dimensional l loops Feynman integrals in Feynman parametrization take the form:

I = ∫Δ
∏

i

xνi−1
i

𝒰(xi)ν−(l+1) D
2

ℱ(xi)ν−l D
2

μ

• Symanzik polynomials  and  are degree  and  (respectively) homogeneous polynomials in n variables  

•  is the  measure form of  : 
 

                                      


• The domain of integration is  

•  are the exponent of propagators in momentum space and 

𝒰 ℱ l l + 1 xi

μ n − 1 ℙn

μ =
n

∑
i=1

(−1)i−1xidx1 ∧ . . . ∧ ̂dxi ∧ . . . ∧ dxn

ℙn ⊃ Δn = {[x1 : x2 : . . . : xn] ∈ ℙn |xi ≥ 0}

νi ν = ∑ νi
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Banana Diagrams  
l-loops banana integrals:


 

Where


 
ℱ(xi) = − p2 (

l+1

∏
i=1

xi) + (
l+1

∑
i=1

m2
i xi) 𝒰(xi)𝒰(xi) = (

l+1

∏
i=1

xi) (
l+1

∑
i=1

1
xi )

I(B)
D=2 = ∫Δ

μn

ℱ(xi)
In D=2


 

I(B) = ∫Δ

𝒰(xi)
1
2 (l+1)(2−D)

ℱ(xi)
1
2 l(2−D)+1

μ

[Bloch,Vanhove 2014]
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The residue Map
Let    and . 

We call residue of the meromorphic n-form 


                                                                                  with 


Having the propriety:





Notice for n=1 it reduces to the well known residue





f : ℂℙn → ℂ ω ∈ ℋn−1(ℂℙn)
ℋn(ℂℙn\𝒵) ∋ Ω = ω ∧ d logf

Res(Ω) = Res (ω ∧
df
f ) = ω |𝒵 𝒵 ≡ Ker( f )

∫Γn−1×S1

Ω = ∫Γn−1

ω |𝒵

Res ( dz
z − z0

ω(z)) = ω(z0)

Res : ℋn(ℂℙn\𝒵) → ℋn−1(𝒵)
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Periods of Calabi-Yau 

Fact: The locus of zeros of a homogeneous degree  polynomial in  is Calabi-Yau  fold !
(l + 1) ℂℙl (l − 1)

Applying the residue map on the 2D banana (complexified) integral 

I(B)*
D=2 = ∫Δ

μ*n
ℱ*(xi)

= ∫Γn−1

ω |ℱ=0

The integral of an algebraic form on an algebraic domain: a Period
[Kontsevich,Zagier 2001]
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Example: Periods of the torus and Elliptic integrals 
Consider the integral in :


 


The integrand can be written as 





Thus:





ℂℙ2

Iℰ = ∫Γn

μn

f(x, y, z)
= ∫Γn

xdy ∧ dz − ydx ∧ dz + zdx ∧ dy
y2z − x3 + g2xz2 + g3z3

μn

f
=

xdz + zdx
∂y f

∧
df
f

−
3dx ∧ dz

∂y f

Iℰ = ∫Γn−1

Res ( μn

f ) = ∫ ( xdz + zdx
2yz )

f=0
=

1
2 ∫ ( dx

y )
f=0

=
1
2 ∫

dx

x3 − g2x − g3

Periods of a Torus 𝕋2



8

Example: Periods of the torus and Elliptic integrals 
If the parameters  are fixed and such that the discriminant 





The torus is smooth and everything is fine! 


But  and for some “critical value” of physical parameters , the elliptic curve degenerates and 
the elliptic surface is not smooth!  


The original integral is related to the periods of a family of elliptic surfaces 

depending on physical parameters and some of the surfaces of the family are singular


gi

Δ = 4g3
2 + 27g2

3 ≠ 0

gi = gi(mi, p2) Δ = 0
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Deformations and Milnor Fibration
How do we handle singularities?


Simplest answer: we avoid them!


𝒱[ f ] → 𝒱D[ f ] ≡ 𝒱[ f + D]

Deformation theory
Singular → Smooth

D ∈
ℂ[xi]
f + Jf

The simplest deformation is by a constant (respect to )      xi f → f − τ

𝒱τ( f ) = {[x1 : . . : xn+1] ∈ ℂℙn | f(x1, . . . xn+1) = τ}



10

Deformations and Milnor Fibration

Consider the (quasi) fibration   whose fibers are f : ℂℙn → ℂℙ1

f −1(τ) ≡ ℱτ ≅ 𝒱τ[ f ]

For an isolated singularity, fibers are smooth and isomorphic to each other on   thus  induces a well 
defined fibration on  called Milnor Fibration 

ℂℙ1
* = ℂℙ1\{0} f

ℂℙ1
*

The information on the removed singular fiber is store in the 

Monodromy of the base space (Moduli Space) 

π1 : ℂℙ1
* → ℂℙ1

*
Induces

⇒ π*1 : ℋn(𝒱τ[ f ]) → ℋn(𝒱τ[ f ])

How? The presence of singularity corresponds to the shrinking of some cycle (Vanishing cycles) i.e. to the change of 
the homology of the fiber because of:

[Milnor, 1968]
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Hodge structure 
Because regular fibers are complex analytic manifolds, their cohomology admit an Hodge decomposition.

In particular we are interested in the middle cohomology (Remember: our initial integral was real valued!!)

ℋn(ℱτ, ℂ) = ⨁
p+q=n

ℋp,q(ℱτ, ℂ)

Let choose and fix a basis  (symplectic/orthogonal ) for the vector space .{γi} F0 = ⨁
p+q=n

ℋp,q(ℱτ, ℂ)

Ω(τ) = Πi(τ)γi with Πi(τ) = ∫γ̃i

Ω(τ) for any Ω(τ) ∈ ℋn(ℱτ, ℂ)Πi(τ) = ∫γ̃i

Ω(τ)

The variation of the periods along a compact path  on the moduli space encompasses the 
variation of the Hodge structure, but for paths approaching a singularity periods diverge and the 
information on the Hodge structure is lost


λ(τ)
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Asimptotic Hodge Theory
That it, because singular fibers do not admit Hodge-decomposition, but a finer one 
called Hodge-Deligne splitting

F0 = ⨁
p+q=n

ℋp,q(ℱτ, ℂ) → W2n =
2n

⨁
p+q=0

ℐp,q(ℱτ, ℂ)

i4,0 i3,1 i2,2 i1,3 i0,4

i4,1 i3,2 i2,3 i1,4

i4,2 i3,3
i2,4

i4,3 i3,4

i4,4

i3,0 i2,1 i1,2 i0,3

i2,0 i1,1 i0,2

i1,0 i0,1

i0,0

 [Hodge-Deligne diamond for ]CY4

The type of the singularity uniquely determines the 
corresponding Hodge-Deligne splitting,


(and viceversa), and the latter is completely fixed 

by the local monodromy 

Setting , the splitting can be represented by the so

called Hodge-Deligne diamond.  

hp,q ≡ dimℐp,q
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Periods from monodromy
We got to the point! 

Is it possible to determine the periods of a family of varieties

 from the monodromy of the moduli space?  

FINITENESS THEOREM (Deligne ’87)
For a given moduli space with fixed singularity structure there are only finitely many monodromy groups  
supporting that structure.

Γ

RIGIDITY THEOREM (Schmid ’73)
Given a monodromy group , the period vector that gives rise to this monodromy behavior is 
determined uniquely.

Γ

1. Assuming a specific singularities structure, enumerate the possible 
monodromy groups

Work plan

2. Compute for those groups the corresponding period vectors.
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Example: Elliptic curve in ℳ = CP1∖{0,μ−1, ∞}
Turning around a boundary point induces a monodromy:

Π(z) ↦ Π(e2πiz) = MΠ(z) with M ∈ SL(2,ℤ)

1. The monodromy matrix    is quasi-unipotent:M

∃ l, d ∈ ℤ |(Ml − 𝕀)d ≠ 0 (Ml − 𝕀)d+1 = 0

M = MuMs
Unipotent of degree d

2. Equivalent loops have the same monodromy:

M0Mμ−1 = M−1
∞

such that:

Semi-simple

z = 0

z = μ−1z = ∞

ℳ

Assumptions:

‣ MUM point for CYn , n > 1

  M0 = (1 0
1 1)

‣ Conifold point for CYn , n > 1

  Mμ−1 = (1 −κ
0 1 )
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Example: Elliptic curve in ℳ = CP1∖{0,μ−1, ∞}
The monodromy  around :M∞ z = ∞

1. Has to be fixed as the inverse of the product of the other monodromies: 
 
 
 

2. Has to be quasi-unipotent. This is possible for the following values of :
(l, d, κ)

M∞ = (M0Mμ−1)
−1

= (1 − κ κ
−1 1)

((1 − κ κ
−1 1)

l

− 𝕀2×2)
d+1

= 0

(3, 0, 3)

(4, 0, 2)

(6, 0, 1)

(2, 1, 4)

(l, d, κ) (a1, a2)

( 1
6

,
5
6 )

( 1
4

,
3
4 )

( 1
3

,
2
3 )

( 1
2

,
1
2 )

Once we known the monodromy matrix , we can compute  the 
corresponding eigenvalues and construct the Picard-Fuchs equations 

M∞

arg [λi] = 2πai
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Picard-Fuchs equations
The periods obey a set of  differential equations constructed through the Picard-Fuchs operator

In the case of one modulus we have only a single equation:

Lω(z) = [θn+1 − μz
n+1

∏
i=1

(θ + ai)] ω = 0 with θ = z
d
dz

and  for elliptic curves or  for .n = 1 n > 1 CYn

• The Riemann P-symbol for  is fully determined by monodromies:ℙ1∖{0, μ−1, ∞}

𝒫
0 μ−1 ∞
0 0 a1

0 0 a2

𝒫

0 μ−1 ∞
0 0 a1

0 1 a2. . . . . . . . .
0 n − 1 an

0 (n − 1)/2 an+1
for elliptic curves

for Calabi-Yau n-folds

and

[Doran, Morgan 2005]

[Van de Heisteeg, 2024]
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Frobenius basis
Solving the Picard-Fuchs equations around the three singular points provides the following Frobenius 
solutions:

• z = 0, μ−1

ω0 = f0(z)
2πiω1 = f0 log [z] + f1(z)

with fi(z) = δ0,i +
∞

∑
k=1

ci,kzk , ci,k ∈ ℚand

In particular we have:

ω0 = 2F1(a1, a2; 1; μz) ω1 =
i

k
2F1(a1, a2; 1; 1 − μz)

• z = ∞ (a1; a2)

ω0 = z f0(z)
2πiω1 = z f0 log [z] + z f1(z)

for (a1; a2) = ( 1
2

;
1
2 )

ω0 = za1 f̃0(z)
ω1 = za2 f̃1(z) with f̃i(z) = 1 +

∞

∑
k=1

c̃i,kzk

}

}

}
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From Frobenius to integral basis
Frobenius basis are local and complex (around each singularity)! We want a global integral basis valid in the whole 
moduli space. 


   


z = 0

z = μ−1z = ∞

ℳ

zmid

• Analytic continuation of the Frobenius basis solutions around 

• Analytic continuation of the Frobenius basis solutions around 


• Match the two solutions in a point 

z = 0
z = μ−1

zmid ∈ A0 ∩ Aμ−1

Tμ−1

0 =
i

2 k (κ −2κ
2 0 ) Transition Matrix 

• Now we have all periods in terms of the Frobenius basis around the MUM

• We know the transition  from Frobenius to Integral around the MUM (in terms of the mirror CY)

• We have a global integral basis for the middle cohomology! Whose dual cycle basis are vanishing cycles!

TMUM
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Conclusions and Outlooks 

Some of the questions whose answers we are looking for are: 


•What about Moduli spaces with more punctures? (Es. 2D Sunrise with different masses )


•What about higher dimensional Moduli spaces?  

Asymptotic hodge theory  give us the rules to classify 

 all the singularity structure in terms of local monodromies

The structure of multiloop Feynman integrals is encoded in the monodromy of the moduli 

space
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Thank you 
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Backup slides


